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Abstract

Rietz (1988) and Barro (2006) subject consumption and dividends to rare dis-

asters in the growth rate. We extend their framework and subject consumption and

dividends to rare disasters in the growth persistence. We model growth persistence

by means of two hidden types of economic slowdowns: recessions and lost decades.

We estimate the model based on the post-war U.S. data using maximum likelihood

and find that it can simultaneously match a wide array of dynamic pricing phenom-

ena in the equity and bond markets. The key intuition for our results stems from

the inability to discriminate between the short and the long recessions ex ante.
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Slobodyan, the Editor and the anonymous referee are gratefully acknowledged.

iiDept. of Economics, University of Missouri–St. Louis, 1 University Blvd., St. Louis, MO 63121-4400,
United States. Email: gillmanm@umsl.edu, URL: http://www.maxgillman.com.

iiiCERGE-EI, a joint workplace of Charles University in Prague and the Economics Institute of the
Academy of Sciences of the Czech Republic, Politických Vězň̊u 7, 111 21 Prague 1, Czech Republic.
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1. Introduction

Rietz (1988) proposes to model rare disasters as sudden cataclysms: short but deep de-

clines in the standards of living. Using the large economic declines in the U.S. associated

with World War I, the Great Depression, and World War II, Barro (2006) calibrates the

probability of the disasters and argues that it is possible to account for the level of the

equity premium.1 Rietz and Barro consider a constant probability of disaster. Farhi &

Gabaix (2011), Gabaix (2008, 2012), Gourio (2008, 2012, 2013), Gourio et al. (2013), Seo

& Wachter (2013), Tsai & Wachter (2013), and Wachter (2013) extend their work by mak-

ing the probability variable while Martin (2013) exploits cumulant-generating functions.

In accordance with Timmermann (1993), Gourio (2012) suggests learning as a fruitful way

to endogenize the disaster probability. Nevertheless, learning in this Barro-Rietz frame-

work inevitably plays marginal role because the deep declines in consumption are learned

almost instantaneously.

This paper proposes an alternative model of rare disasters as protracted stagnation

in the standards of living, so-called “lost decades” in the macroeconomics literature on

depressions (Hayashi & Prescott, 2002, Kydland & Zarazaga, 2002, Bergoeing et al., 2002).

Interpreting disasters as protracted stagnation makes learning rather slow and generates

a sizable increase in the magnitude as well as in the variation of economic uncertainty,

thus dramatically enhancing the match of a broad range of macroeconomic and finance

phenomena.

In the language of macroeconomics, the uncertainty shocks of Bloom (2009) arise

endogenously as the consumption volatility fluctuates due to learning, contrary to the

exogenous specification in the long-run risk models of Bansal & Yaron (2004) and Bansal

et al. (2007, 2010, 2012). In a related paper, Orlik & Veldkamp (2013) propose a different

way to endogenize these uncertainty shocks.

1In addition, Brown et al. (1995) study the long-term survival of financial markets while Barro & Jin

(2011) and Barro & Ursua (2012) analyze the large economic declines in international macroeconomic

data.
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In the language of finance, learning induces a procyclical variation in consumption

and dividend forecasts and a countercyclical variation in the Epstein & Zin (1989, 1991)

discount rates in response to changes in the average time to the (partial) resolution of

uncertainty, and thus our model can simultaneously match a wide array of dynamic pricing

phenomena in the equity and bond markets.

We followMehra & Prescott (1985) and consider a version of Lucas (1978) representative-

agent model of asset pricing with exogenous, stochastic and perishable dividends, as ex-

tended to a continuous-time incomplete-information setting by Veronesi (2004) and David

& Veronesi (2013). Similarly to Pakoš (2013), we extend the regime-switching models of

Cecchetti et al. (1990), David (1997), David & Veronesi (2013), Hamilton (1989) and

Veronesi (1999, 2000, 2004) by subjecting consumption and dividends to hidden shifts in

the growth rate and growth persistence as well. The variability in the growth persistence

is modeled by considering two types of recessions with identical repressed growth rates

but different mean duration: the former corresponds to a regular business-cycle recession

while the latter is a rare lost decade, which happens on average once a century.

From the perspective of Mehra & Prescott (1985) and Weil (1989), our underlying

hidden chain is not Markov with exponentially distributed sojourn times but rather semi-

Markov2 with the sojourn times following any distribution, in our case a time-varying

mixture of two exponential distributions, one for each recession type. Modeling multiple

recessions with different mean duration inculcates a tail uncertainty about the sojourn

times as in Weitzman (2013), interpreted as long-run risk in Pakoš (2013). In related

studies, Branger et al. (2012), and quite recently Jin (2014), emphasize the interplay

between rare events and long-run risk.

In comparison to the model of Rietz (1988), semi-Markov chains can be reformulated

as Markov ones by augmenting their state space. Such reformulation in our setting leads

to a Markov chain with three states: expansion, short recession and long recession, subject

to the restriction that the recessions share exactly the same growth rate. We think of “a

low-probability, depression-like third state” of Rietz (1988) as a decade-long stagnation

2See Howard (1971, Chapter 10).
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in consumption with the disaster probability (the subjective belief about the third state)

fluctuating in response to changing economic conditions.

Our model of hidden growth persistence is closely related to Cogley & Sargent (2008)

who study learning about the mean duration of recessions.3 In their setting, the dura-

tion distribution of expansions as well as recessions is governed by fixed but unknown

parameters, while their representative agent is endowed with pessimistic priors based on

the negative experience of the Great Depression. Such a calibrated model matches well

to many pricing puzzles in the equity market. In a related study, Collin-Dufresne et al.

(2013) point out that the best unbiased estimate of a fixed but hidden parameter is a

martingale that induces permanent shocks. They extend Cogley & Sargent (2008) by

using the recursive preferences of Epstein & Zin (1989, 1991) so as to inculcate long-run

risk into asset price dynamics.

Our analysis differs from Cogley & Sargent (2008) and Collin-Dufresne et al. (2013) in

the following ways. First, rather than using pessimistic priors from the Great Depression,

we instead estimate the consumption and dividend parameters by maximum likelihood

from the postwar U.S. data from 1952 to 2011. Second, the persistence in our model

follows a hidden two-state Markov chain rather than being a fixed parameter, which has

the advantage that the risk premiums are stationary. Third, each slowdown in economic

activity confronts the investor with a Peso-type problem about the mean duration of the

recession, generating a tail uncertainty as in Weitzman (2013).

The additional related literature includes Backus et al. (2011), Bates (2000), Branger

et al. (2012), Santa-Clara & Yan (2010), and quite recently Schreindorfer (2014). These

studies suggest to measure the frequency and size of such disasters using the option price

data and other derivatives on U.S. equity indexes. Furthermore, while working on our

paper, we have come across a study of Lu & Siemer (2013) who study learning about rare

events in a framework without a tail uncertainty about the recession duration.

The paper is organized as follows. In Section 2 we present the formal model and

3Weitzman (2007) and Johannes et al. (2012) also emphasize the importance of Bayesian updating

about unknown structural parameters.
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derive the theoretical implications of variable growth persistence for consumption and

asset prices. In Section 3 we present the results of estimation. Section 4 describes the

quantitative implications of learning for consumption and asset prices while in Section 5

we present sensitivity analysis and discuss our preliminary results for option pricing. We

conclude in Section 6. Detailed mathematical proofs are found in the Online Technical

Appendix.

2. Model

We start by briefly describing the representative investor’s preferences and specifying the

hidden semi-Markov model of the cash-flow growth rates. We then go on to solve the

investor’s optimal consumption-portfolio problem. In order to do this, we first solve the

inference problem by introducing the posterior distribution over the discrete number of

hidden states and derive a recurrent relationship for its law of motion by applying the

Bayes rule. We then discuss how the variation in the posterior distribution generates

time-varying endogenous economic uncertainty in terms of changing forecasts as well as

changing forecast-error variances of the T-period cash flow growth rates. Second, we

take the posterior distribution and make it a part of the state vector in the dynamic

programming problem. This is relevant as it makes the optimization problem Markovian,

leading to the standard Hamilton-Jacobi-Bellman equation. Using the derived first-order

conditions and the guess-and-verify method, we then derive the pricing equations for

unlevered and levered equity, real zero-coupon bonds as well as European options. The

section additionally relates the real yield curves and the bond risk premiums to the term

structure of the T-period forecasts as well as the T-period forecast error variances of the

consumption growth rate.

2.1. PREFERENCE SPECIFICATION

The representative agent maximizes the recursive utility function of Epstein & Zin (1989,

1991) over his consumption stream ct and the continuation utility Jt defined by the re-
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cursion

Jt = Et

{
ˆ ∞

t

U (cτ , Jτ ) dτ

}
, (1)

with the CES utility aggregator

U (c, J) =
δ

1− 1
ψ

c1−
1

ψ − ((1− γ) J)
1

θ

((1− γ)J)
1

θ
−1

. (2)

In these expressions, Et denotes the conditional expectation operator, δ ≥ 0 is the rate

of time preference, γ ≥ 0 is the coefficient of the relative risk aversion, ψ ≥ 0 is the

magnitude of the elasticity of the intertemporal substitution, and θ = (1− γ) / (1− ψ−1)

is a measure of the non-indifference to the timing of the resolution of uncertainty as we

relax the independence axiom of the expected utility.

The investor prefers early resolution of the uncertainty when the current marginal

utility ∂U
∂c

falls as relatively more of the consumption occurs in the future, measured by

higher continuation utility J . In this case, the cross-derivative ∂
∂J

(
∂U
∂c

)
is negative which

happens for γ > ψ−1. The expected utility is nested for ∂
∂J

(
∂U
∂c

)
= 0 which happens for

γ = ψ−1.

2.2. ASSET MARKETS

We endow the investor with a single Lucas tree called unlevered equity (or consumption

claim), and denote it with the superscript u. The asset yields a continuous flow of div-

idends at the rate Du
t . In addition, we distinguish between the total wealth, which is

unobservable, and the aggregate equity market. We thus introduce levered equity de-

noted with the superscript l. The levered equity yields a continuous flow of dividends at

the rate Dl
t, which is different from Du

t . We refer to the unlevered and levered dividends

jointly as the cash-flows and distinguish them using the superscript e ∈ E = {u, l} .

We furthermore introduce real zero-coupon bonds with maturities of up to thirty years

(superscript b) and European call options (superscript c). For the simplicity of notation,
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we denote the class of the securities A = E∪{b, c}. We assume that all assets in A except

the unlevered equity are in zero net supply.

Our bivariate time-series model for the cash-flow growth rates generalizes the standard

Markov-trend model in logs introduced by Hamilton (1989) to a semi-Markov setting by

subjecting the instantaneous cash flow growth rates dget = d logDe
t for e ∈ E to hidden

semi-Markov shifts:

dget = µestdt+ σedzet . (3)

The predictable component µest ∈
{
µe, µe

}
with µe < µe is driven by a two-state semi-

Markov chain st which is hidden in the standard Brownian noise zt =
(
zut , z

l
t

)
′. We assume

for tractability that zt and st are statistically independent processes.

Our cash flow model in Equation (3) implies that the forecast-error variance of the

cash-flow growth rate over the next instant

(σe)2 dt = vart {dg
e
t − Et {dg

e
t }} (4)

is constant. Nonetheless, our learning model with hidden shifts generates a predictable

variation in the T-period forecast-error variances when the instantaneous cash flow growth

rates dget are time-aggregated from the infinitesimal decision intervals to their T-period

counterparts
´ t+T

t
dgeτ as shown in detail in Section 2.4. Our setting thus differs signifi-

cantly from the extensive long-run risk literature where the predictable variation in the

forecast-error variance (σet )
2 is exogenous rather than endogenous due to learning.4

2.2.1 Semi-Markov Chain

Current literature models business-cycle fluctuations in terms of two-state hidden Markov

chains with the state space

S = {s1 = expansion, s2 = recession}.

4See in particular Bansal & Yaron (2004) and Bansal et al. (2007, 2010, 2012).
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In a continuous-time setting, it is natural to express the transition probabilities in terms

of the hazard rates of transition

λi =
∑

sj∈S\{si}

λij ,

where λij denotes the non-negative transition intensity for any si, sj ∈ S and i 6= j. If the

hazard rates are constant, the density of the sojourn time τi for i = 1, 2 is given by the

exponential distribution

fτi (t) = λi exp (−λit)

for non-negative t. Exponential distribution tends to be a common choice for modeling

sojourn times due to the mathematical tractability allowed by the memoryless property

P {τi > x+ y| τi > x} = P {τi > y} .

However, exponential distributions have the drawback that they feature light right tails if

the hazard rate is inferred from the macroeconomic data, which in other words means that

long recessions are extremely rare. In fact, the following back-of-the-envelope calculation

suggests that the probability of observing an economic recession with a duration of more

than 10 years {τ2 ≥ 10} equals

P {τ2 > 10| s = s2} =

ˆ ∞

10

fτ2 (τ) dτ = exp (−10λ2) = exp (−10) = 0.00005, (5)

when the mean duration of the recession state λ−1
2 is four quarters. In that case, the

number of slowdowns until the first appearance of a lost decade follows the geometric

distribution with the mean (0.00005)−1 = 22, 000. In other words, it takes on average

about 22, 000 transitions in order to draw at least a decade-long recession which is arguably
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implausible due to the extreme rareness of the event.5 6

In order to model the long-lasting recessions in a more plausible way, we propose to

generalize the standard two-state Markov chain setting with the state space S to a two-

state semi-Markov chain setting where the probability law governing the recession sojourn

time is a mixture of two exponential distributions. Although semi-Markov chains can be

arguably less tractable, there are special instances when they can be easily represented in

terms of restricted Markov chains by augmenting their state space. As shown in Murphy

(2012, Section 17.6), the two-state semi-Markov chain can be expressed in terms of a three-

state augmented Markov chain, in our case with two sub-states for the downturn which

differ in the mean duration. The first sub-state corresponds to the common business-cycle

recession and has the mean duration λ−1
2 . The second sub-state corresponds to the rare

but protracted recession where we set the mean duration λ−1
3 equal to forty quarters. The

augmented state space is

S̃ = {s̃1, s̃2, s̃3},

where s̃1 = (s1, λ1), s̃2 = (s2, λ2) and s̃3 = (s2, λ3). The semi-Markov property implies

equality of the growth rates across the recession types, that is, µe1 = µe and µe2 = µe = µe3

for each e ∈ E. As a result of two recession types, the sojourn times of a low-growth

epoch follow a mixture of two exponential densities with different means. 7

Furthermore, we assume that upon leaving the expansion state nature tosses a biased

coin according to the Bernoulli probability distribution (q, 1− q) for some q ∈ (0, 1) where

the outcome of the toss decides the type of the downturn. As a result, the transition

5As a piece of anecdotal evidence, consider the lost decade experienced by Japan at the end of the

20th century.
6Diebold et al. (1994) suggest modeling transition intensities as logistic functions of certain exogenous

variables. The drawback however is that in a general equilibrium setting one needs to specify the dynamics

of those exogenous variables in fine detail.
7Such a mixture density is called hyperexponential distribution. Hyperexponential density is thus the

probability distribution that governs the sojourn time spent in recession when the type is hidden.
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probability matrix between times t and t + T equals the matrix exponential exp {λT},

where the transition intensity matrix8 λ is given by

λ =




−λ1 qλ1 (1− q)λ1

λ2 −λ2 0

λ3 0 −λ3



. (6)

We note that the two-state model without long recessions is nested for q = 1 because

then the hazard rate of entering the long recession (1− q)λ1 is zero.

The invariant distribution π = (π1, π2, π3)
′ is given as the left eigenvector that corre-

sponds to the zero eigenvalue of the transition intensity matrix, subject to the restriction

that
∑3

i=1 πi = 1. In particular, the invariant probability

π3 =
(1− q)λ−1

3

λ−1
1 + qλ−1

2 + (1− q)λ−1
3

(7)

equals the average time spent in the long recession, (1− q)λ−1
3 , divided by the average

length of one whole cycle, λ−1
1 + qλ−1

2 + (1− q)λ−1
3 . This result is important in the

empirical section where we propose to model the rare long recession as a lost decade that

occurs on average once a century, thus setting λ−1
3 = 10 years and π3 = 0.1, exactly in

line with Equation (7).

2.3. INFERENCE PROBLEM

The investor’s inference problem is to extract the current but hidden state st from the

history of the cash-flow signals Ft =
{(
guτ , g

l
τ

)
for τ ≤ t

}
. For that purpose, we define

the belief

πi,t = P {st = s̃i| Ft} for i = 1, 2, 3, (8)

8Identification requires that we rule out instantaneous transitions between short and long recessions

by setting λ23 = λ32 = 0. This assumption however is not particularly restrictive because the transition

probabilities P {st+T = s̃j | st = s̃i} are positive for any finite interval T > 0 and i, j = 1, 2, 3.
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and introduce the so-called “innovation process” z̃et the increment of which is the normal-

ized forecast error of the cash-flow growth rates over the next instant,

dz̃et =
1

σe
(dget − Et {dg

e
t}) . (9)

First, Liptser & Shiryaev (1977) show that z̃et is a Brownian motion in the investor’s

filtration which makes the investor’s intertemporal optimization problem Markovian by

allowing us to treat the beliefs πt = (π1,t, π2,t, π3,t)
′ as part of the state vector that re-

flects the variation in the investment opportunity set perceived by the investor. Second,

it is straightforward to see that the innovation process is correlated with the hidden

semi-Markov chain st. Third, the innovation process enables us to express the cash-flow

dynamics in Equation (3) as the sum of the predictable part me
tdt = Et {dg

e
t} and the

cash-flow news dget − Et {dg
e
t } by using Equation (9),

dget = me
tdt+ σedz̃et for e ∈ E. (10)

We can then apply the Bayes rule and obtain the following law of motion for the beliefs

πt:

dπi,t = ηi,tdt +
∑

e∈E

νei,tdz̃
e
t . (11)

2.3.1 Intuitive Explanation

Although the reference to the formal proof is provided in the Online Technical Appendix

B, the outline of the intuition behind Equation (11) is relatively straightforward. First, the

predictable part given by the drift ηi,t =
∑3

j=1 πj,tλji reflects the dynamics of the perfectly

observable semi-Markov chain when augmented to the three-state Markov chain. Second,

the volatility

νe1 = π1,t (1− π1,t)

(
µe − µe

σe

)
(12)

11



and

νei,t = −π1,tπi,t

(
µe − µe

σe

)
for i = 2, 3 (13)

measures the weight that the investor puts in his sequential updating on the normalized

news dz̃et in Equation (11). Indeed, the weight νe1,t is proportional to the economic uncer-

tainty about the underlying instantaneous growth rate measured by the prior variance

vart
{
µest
}

= π1,t (1− π1,t)
(
µe − µe

)
(14)

of the Bernoulli distribution over the growth rates µe and µe at the beginning of the

instant (t, t+ dt).

Speaking more formally, the Bayes rule says that the posterior odds equal the prior

odds times the likelihood ratio. Thus, the increment in the log of the odds

O1,23 =
π1,t

1− π1,t
(15)

in favor of the expansion equals the log-likelihood ratio. 9 The log-likelihood ratio in

favor of the hypothesis H0 : µ
e
st
= µe against the alternative H1 : µ

e
st
= µe, conditional on

the new data dget and no regime shifts in the interval (t, t+ dt), equals

−
1

2

{
(dget − µe dt)2

(σe)2 dt
−

(
dget − µe dt

)2

(σe)2 dt

}
. (16)

As a result of Equation (10), the increment in the log odds due to the arrival of the new

information is given by

d logO1,23 = O (dt) +

(
µe − µe

σe

)
dz̃et , (17)

9In the sequential Bayesian updating, the posterior for the previous instant (t− dt, t) becomes the

prior for the next instant (t, t+ dt).
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and we recover the diffusion term νe1,t in Equation (11) by applying Itô lemma to Equation

(15). As can be seen in Equation (17), good cash-flow news dz̃et always raises the posterior

odds O1,23 in favor of the expansion.

Furthermore, the total weight νe2,t + νe3,t = −νe1,t < 0 is split10 across the beliefs π2,t

and π3,t according to the prior odds at the beginning of the instant (t, t+ dt) in favor of

the short recession

O23 =
π2,t
π3,t

(18)

as νe2,t/ν
e
3,t. As a result, good cash-flow news dz̃et during the short recession lowers not

only the beliefs π2,t and π3,t but also brings down the relatively high odds in favor of

the shorter recession. Indeed, suppose we know that st 6= s̃1 and we try to discriminate

between short and long recessions O1,23.
11

Speaking more formally, let us denote T the random time spent in the low-growth

state st ∈ {s̃2, s̃3} and recall that it follows an exponential distribution with mean λ−1
2

in the short recession and λ−1
3 in the long recession. The Bayes rule implies that the

increment in the log of the odds O23 again equals the log-likelihood ratio

d logO23 = (λ2 − λ3) dt (19)

which is basically a special case of Equation (11) for π1,t = 0. As a result, the posterior

odds in favor of the short recession O23 have tendency to decrease with the amount of

time spent in the low-growth state and the learning about the growth persistence is time-

consuming in proportion to the difference between the hazard rates for the short recession

and for the long recession, λ2 − λ3.

10Note that the restriction that the beliefs sum to one
∑3

i=1 πi,t = 1 implies that the increment

d
(∑3

i=1 πi,t

)
= d (1) is zero and hence the drifts as well as volatility must sum to zero as well,

∑3
i=1 ηi,t =

0 =
∑3

i=1 ν
e
i,t.

11We can equivalently think of the analysis as being conditional on {st 6= s̃1}.
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2.3.2 Endogenous Disaster Probability

Rare consumption disasters in our semi-Markov model manifest themselves as unfavorable

draws of the recession duration. When we represent the two-state semi-Markov chain in

terms of a restricted three-state Markov chain, subject to the equality constraint µe2 =

µe = µe3 for each e ∈ E = {u, l}, we identify the rare consumption disasters as the long

recessions st = s̃3 and the disaster probability as the belief

π3,t = P {st = s̃3| Ft} .

The endogenous variation in the disaster probability π3,t comes from the fluctuations in

the posterior odds in favor of the expansion O1,23 in Equation (15) and the posterior odds

about the type of the recession O23 in Equation (18). In fact, each recession st = s̃2 carries

with it the subjective risk that it may correspond to the lost decade regime s̃3 due to the

unobservability of the recession type. Such a novel model of consumption disasters is an

example of a Peso problem, which refers to a situation in which the possibility of some

infrequent event (such as a long recession) has an effect on asset prices. 12

2.4. FLUCTUATING ECONOMIC UNCERTAINTY

It is well-known in the literature that the variation in economic uncertainty is the key

to successfully explaining the variation in asset prices. 13 Economic uncertainty can be

measured by the degree of difficulty in making precise forecasts of future cash-flow growth

rates measured by the term structure of the forecast-error variances of the T-period-ahead

cash-flow growth rates.

We show that the introduction of hidden regime shifts generates endogenous variation

in the forecast-error variance of the cash-flow growth rates and thus in economic uncer-

tainty. The key to showing this consists in time-aggregating the growth rates from the

infinitesimal decision intervals to their T-period intervals.

12See Evans (1996) for a review of the Peso literature.
13See in particular Bansal & Yaron (2004); Bansal et al. (2007, 2010, 2012)
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In order to time-aggregate the instantaneous cash-flow growth rates dget for each e ∈ E,

let us denote the T-period growth rate

get,T =

ˆ t+T

t

dgeτ , (20)

the mean T-period growth rate

µet,T =

ˆ t+T

t

µesτdτ, (21)

and the T-period innovation

zet,T =

ˆ t+T

t

σedzeτ . (22)

As a result of the time aggregation, the cash-flow model leads to

get,T = µet,T + zet,T (23)

with the following variance decomposition of the T-period cash-flow growth rate,

vart
{
get,T
}
= vart

{
µet,T

}
+ vart

{
zet,T
}
. (24)

Expressed in words, the variance of the T-period cash-flow growth rate vart
{
get,T
}
is given

by the sum of the forecast error variance of the mean T-period growth rate (first term)

and the forecast-error variance of the T-period innovations (second term). In particular,

the volatility of the annual consumption growth rate corresponds to σut,1. The commonly

used autoregressive processes imply that the forecast error variance of the mean T-period

growth rate (first term), vart
{
µet,T

}
, is constant. 14

14For example, Bansal & Yaron (2004) in their Model I specify the expected consumption growth rate

as an AR(1) process subject to homoscedastic innovations. Therefore, their model generates constant

forecast error variance of the T-period consumption growth rate which they relax in their Model II by

introducing exogenous variation in the consumption variance (σe
t )

2 as an AR(1) process.
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We show in the following two sections that learning about hidden regime shifts can

generate countercyclical fluctuations in the forecast-error variance of the T-period cash-

flow growth rates with constant σe and hence constant

vart
{
zet,T
}

= (σe)2 T.

2.4.1 Time-Varying Forecast Error Variance

Let us denote the T-period forecast conditional on the hidden state

me
t,T |i = E

{
get,T
∣∣Ft, st = s̃i

}
(25)

and the T-period forecast error variances conditional on the hidden state

(
σet,T |i

)2
= var

{
get,T
∣∣Ft, st = s̃i

}
(26)

and

(
υet,T |i

)2
= var

{
µet,T

∣∣Ft, st = s̃i
}
. (27)

The conditional moments given the hidden state st vary due to the possibility of a regime

change with the more persistent state of lower hazard rate of transitioning λi displaying

lower volatility υet,T |i. Furthermore, variance decomposition conditional on the hidden

state analogous to Equation (24) can be expressed as

(
σet,T |i

)2
=
(
υet,T |i

)2
+ (σe)2 T. (28)

We then condition down to the investor’s information set Ft which does not contain the

hidden state st. The mean T-period cash-flow growth rate me
t,T = Et

{
get,T
}
is given by

me
t,T =

3∑

i=1

me
t,T |iπi,t. (29)
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Furthermore, using the decomposition that the variance equals the variance of the condi-

tional mean plus the mean of the conditional variance15

vart {x} = vart {E {x| Ft, st}}+ Et {var {x| Ft, st}} (30)

yields the following decomposition of the corresponding T-period cash-flow variance vart
{
get,T
}

in Equation (24)

(
σet,T
)2

=

3∑

i=1




(
υet,T |i

)2
+ (σe)2 T

︸ ︷︷ ︸
Variance under Complete Info


 πi,t

︸ ︷︷ ︸
Mean Variance under Incomplete Info

+

3∑

i=1

(
me
t,T |i

)2
πi,t −

(
3∑

i=1

me
t,T |iπi,t

)2

︸ ︷︷ ︸
Variance of Mean Growth under Incomplete Info

.(31)

As we can see from Equation (29) and Equation (31), the variation in both the mean T-

period growth rate forecast me
t,T as well as the volatility σet,T depends on the evolution of

the beliefs (π1,t, π2,t, π3,t)
′. 16 In addition, the T-period forecast me

t,T attains its maximum

when the confidence in favor of the expansion state is the highest and its minimum when

the confidence in favor of the lost decade is the highest, whereas the corresponding forecast

error variance
(
σet,T
)2

attains values based on the magnitude of the economic uncertainty

measured by the dispersion of the beliefs.

2.4.2 Countercyclical Consumption and Dividend Volatility

A two-state continuous-time Markov chain can be be expressed as a linear combination of

two independent compensated Poisson processes leading to a continuous-time AR(1) pro-

15Note that the conditional moments Et and vart are conditional only on Ft which does not include

the hidden state st.
16This is consistent with Veronesi (1999) who shows in Proposition 6 that if expected consumption

growth rate follows a hidden Markov chain then shocks to the instantaneous expected dividend growth

rate are necessarily heteroscedastic. Although he does not time aggregate the cash-flow growth rates

from infinitesimal decision intervals to the finite ones, his two-state Markov chain setting is able to

generate time-varying consumption volatility after the aggregation. However, such variation would be

quantitatively smaller in comparison to our two-state semi-Markov setting.
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cess with innovations that are non-Gaussian and heteroscedastic, having the instantaneous

variance proportional to the persistence of the state,
(
µe − µe

)2
λstdt for each st ∈ S. 17 It

can be shown that the analogous result carries over to our two-state semi-Markov setting.

Our empirical estimates in Section 3.2.1 confirm that the transition hazard rates satisfy

λ2 > λ1 and we thus obtain the ordering on the forecast error volatility of the mean T-

period cash-flow growth rate conditional on the hidden state st as υ
e
t,T |2 > υet,T |1. Note that

we omit the discussion related to the rare state by assuming π3,t ≈ 0. In view of Equation

(28), the volatility of the T-period cash-flow growth rate under complete information is

thus countercyclical because the mean duration of the recessions λ−1
st

is empirically shorter

in comparison to the expansions.

Furthermore, in case of incomplete information about the underlying state the variance

of the T-period cash-flow growth rate decomposed in Equation (31) has two terms, the

mean of the conditional variance under complete information plus the variance of the con-

ditional mean hidden due to incomplete information. The first term υet,T |1π1+υ
e
t,T |2 (1− π1)

is a decreasing function of the belief π1,t due to the ordering of the conditional volatility

υet,T |i displayed above and it is thus countercyclical. The second term

(
me
t,T |1

)2
π1 +

(
me
t,T |2

)2
(1− π1)−

(
me
t,T |1π1 +me

t,T |2 (1− π1)
)2

is a quadratic function of the belief π1 and it is an increasing function in the belief π1,t for

π1,t <
1
2
but decreasing for π1,t >

1
2
due to the ordering of the T-period-ahead forecasts

me
t,T |1 > me

t,T |2 implied by µe1 > µe2. As we see later in our parametrization using maximum

likelihood estimates, the second term is usually dominated by the first one and thus the

total cash-flow volatility σet,T remains countercyclical even after accounting for incomplete

information.

17See Hamilton (1989) for discrete time treatment.
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2.4.3 Cash-Flow Dynamics over the Phases of the Business Cycle

The forecast as well as the forecast error variance of the T-period cash-flow growth rate

vary monotonically over the separate phases of the business cycle. First, transitioning

to the high-growth state st = s̃1 is associated with a gradual improvement in the T-

period forecast me
t,T = Et

(
get,T
)
as well as the T-period forecast error variance

(
σet,T
)2

=

vart
{
get,T
}
. These gradual changes are driven by the rise in the posterior odds O1,23 in

Equation (15) as the high-growth state is being recognized. Second, transitioning to the

low-growth state st = s̃2 is associated with a gradual deterioration in the forecast and

the forecast error variance of the T-period cash-flow growth rate. Again, these gradual

changes are driven not only by falling posterior odds O1,23 as the low-growth regime is

being recognized, but also rising posterior odds in favor of the long recession O−1
23 in

Equation (18) as the likelihood of a protracted slowdown is increasing. 18

2.5. INVESTOR’S PROBLEM

The investor’s financial wealth Wt comprises the unlevered and the levered equity as

well as the real zero-coupon bond with a given maturity T and the riskless cash account

offering the continuously compounded rate of return rt. We denote the share of each asset

a ∈ A in the wealth portfolioWt as ω
a
t and let the investor decide continuously how much

to consume and how much to save out of his current wealth Wt. The dynamic budget

constraint takes the standard form as in Merton (1971),

dWt =

(
∑

a∈A

ωat (dR
a
t − rtdt) + rtdt

)
Wt − ctdt, (32)

where we still need to specify the law of motion for the asset return dRa
t .

According to Equation (9), the increment in the innovation process dz̃et is the normal-

ized instantaneous forecast error of the cash-flow growth rate dget for each e ∈ E = {u, l}

18Of course, the economic uncertainty in s ∈ {s̃3} will eventually decline once the unobservable state

is recognized but it takes a long time in comparison to the mean duration of the short recession s̃2.
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and it is to be thought of as the news about the current hidden state st ∈ S̃. In infor-

mationally efficient asset markets, news arrival leads to an instant revision in the price

of each asset a ∈ A generating a surprise return (also called news, innovation or forecast

error) in proportion to the asset volatility ϑa,et ,

dRa
t − Et {dR

a
t } =

∑

e∈E

ϑa,et dz̃et , (33)

where the net return is defined as usual

dRa
t =

dP a
t +Da

t dt

P a
t

. (34)

The realized return dRa
t is composed of the predictable part given by the expected return

Et (dR
a
t ) = ζat dt and the unpredictable part given by the surprise return in Equation (33),

dRa
t = ζat dt+

∑

e∈E

ϑa,et dz̃et . (35)

In our model, the expected return ζat and the return volatility ϑa,et for each e ∈ E and

each asset a ∈ A are determined jointly by market clearing in general equilibrium.

The investor’s consumption-portfolio problem is to maximize his lifetime utility defined

recursively in Equation (1) subject to the dynamic budget constraint in Equation (32)

leading to the standard Hamilton-Jacobi-Bellman (HJB) equation19

0 = max
{c,ωu,ωl,ωb}

{U (c, J) dt + Et {dJ (W,π1, π2)}} , (36)

where the posterior distribution becomes a part of the state vector in addition to the

wealth W .20 Itô lemma applied to the continuation utility J = J (W,π1, π2), along with

the budget constraint in Equation (32) and the dynamics of the return dRa
t in Equation

(35), then leads to a nonlinear partial differential equation of the second order for J .

19See Duffie & Epstein (1992b,a).
20Note that the belief π3 is given implicitly due to the restriction that the probabilities sum to one.
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2.5.1 First-Order Conditions and Equilibrium

The first-order condition for the consumption rate c states that the marginal utility of

consumption equals the marginal utility of wealth ∂U
∂c

= ∂J
∂W

. The first-order condition

for the portfolio weight ωa for the asset a ∈ A states that the total demand for asset

a equals the myopic demand plus the intertemporal hedging demand that arises from

the fluctuations in the investor’s own uncertainty about the state of the macroeconomy

(Merton, 1973, Veronesi, 1999).

In equilibrium, the conditions ct = Du
t , ω

u
t = 1, ωlt = 0 and ωbt = 0 must hold for the

asset and the goods markets to clear.

2.5.2 Value Function and Wealth-Consumption Ratio

The first-order condition for the consumption rate implicitly defines the optimal policy

function c = c (W,π1, π2). Invoking the homotheticity of the recursive preferences ∂ log c
∂ logW

=

1 implies that the policy function c (W,π1, π2) is separable across the financial wealth W

and the beliefs (π1, π2). The separability of the policy function in turns implies, through

the first-order condition, that the value function is also separable across W and (π1, π2),

J (W,π1, π2) = δθ [Φu (π1, π2)]
θ
ψ
W 1−γ

1− γ
, (37)

where we choose to parametrize it in terms of the equilibrium wealth-consumption ratio

Φu (π1,t, π2,t) = Wt/ct.

The conjecture in Equation (37) reduces the nonlinear PDE, coming from the Hamilton-

Jacobi-Bellman equation for the continuation utility J in Section 2.5, to the nonlinear

degenerate-elliptic partial differential equation of the second order for Φu, presented in

Proposition 2 in the Online Technical Appendix D.

When the investor prefers early resolution of uncertainty (i.e., θ < 0), the cross-

derivative of the marginal utility ∂
∂πi

(
∂J
∂W

)
is negative. The intuition for this results
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is simple. A positive short-run news dz̃et always raises the posterior odds in favor of

the expansion O1,23, and thus the beliefs π1 and π2 go up. This in turn leads to an

improvement in the T-period forecasts of future consumption growth rate mu
t,T , raising

the duration of the consumption stream, and so delaying the mean time to the (partial)

resolution of uncertainty about the consumption stream. This is disliked by the investor

with a preference for early uncertainty resolution, and the marginal utility falls. The fall

in the marginal utility is larger when the increase in the duration is bigger, allowing us

to order the cross-derivatives as ∂
∂π1

(
∂J
∂W

)
< ∂

∂π2

(
∂J
∂W

)
< 0.

As a corollary, the wealth-consumption ratio is procyclical, being an increasing function

of the beliefs ∂Φu

∂π1
> ∂Φu

∂π2
> 0.

2.6. STATE-PRICE DENSITY

The absence of arbitrage implies the existence of a positive state-price density process Mt

which in case of the Epstein-Zin preferences in Equation (1) is given by the formula21

Mt = exp

(
ˆ t

0

∂U

∂J
dτ

)
∂U

∂c
. (38)

The following proposition presents the law of motion for the state-price density and de-

composes the corresponding risk prices into the Lucas-Breeden component reflecting the

covariance with the consumption growth and the variable timing component reflecting the

changing forecasts of the time to the (partial) resolution of the consumption uncertainty

in terms of the posterior odds in Equation (15) and in Equation (18). In our parametriza-

tion of the preferences, late resolution of the uncertainty is disliked by the investor and

the cross-derivative ∂
∂J

(
∂U
∂c

)
is negative, as argued in Sections 2.1 and 2.5.2. In case of the

expected utility, we recover the standard consumption-based capital asset pricing model

with zero timing components because the independence axiom implies that the marginal

utility of consumption does not depend on the continuation utility and hence ∂
∂J

(
∂U
∂c

)
is

zero which happens for γ = ψ−1.

21See Duffie & Epstein (1992b,a) and Schroder & Skiadas (1999).
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Proposition 2.1. Let the equilibrium state-price density Mt be given by Equation (38).

Then,

i. Mt satisfies

logMt = −θδt− (1− θ)

ˆ t

0

(Φu (π1,τ , π2,τ ))
−1 dτ − xt, (39)

with

xt = γ logDu
t + (1− θ) log Φu (π1,t, π2,t) . (40)

ii. Mt evolves according to the stochastic differential equation

dMt

Mt

= −rtdt−
∑

e∈E

Λetdz̃
e
t , (41)

where

a. the instantaneous riskless interest rate rt = r (π1,t, π2,t) is given by Equation

(69)

b. the risk price functions Λet = Λe (π1,t, π2,t) for each e ∈ E are given by

Λet = γ σuδe,u︸ ︷︷ ︸
Lucas−Breeden Component

+ (1− θ)
2∑

i=1

νei,t
1

Φut

∂Φu

∂πi
(π1,t, π2,t)

︸ ︷︷ ︸
Time−VaryingTimingComponent

, (42)

where the symbol δe,u is the Kronecker delta. 22

Proof. See the Online Technical Appendix C.

Proposition 2.1, together with the equilibrium conditions, allows us to express the

first-order condition for the portfolio weights ωat in Problem (36) for each asset a ∈ A

as the restriction that the risk premium equals the negative of the covariance with the

22Recall that the Kronecker delta satisfies δe,e = 1 and δe,u = 0 for u 6= e.
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state-price density growth rate, Et (dR
a
t − rtdt) = −covt

{
dMt

Mt
, dRa

t − rtdt
}
, that is,

ζat − rt =
∑

e∈E

Λetϑ
a,e
t . (43)

As can be seen, the risk prices Λet measure the increase in the asset risk premiums in

response to the marginal increase in the exposure to the Brownian shock dz̃et for each

e ∈ E.

2.6.1 Risk Prices

The risk prices Λet for e ∈ E in Equation (42) measure the sensitivity of the growth rate

of the marginal utility of wealth to the news carried by the Brownian shocks23 dz̃et ,

−M−1
t (dMt − Et {dMt})︸ ︷︷ ︸

MarginalUtilityGrowthRate Surprise

= Λut dz̃
u
t︸ ︷︷ ︸

Response toConsumption Surprise

+ Λltdz̃
l
t︸ ︷︷ ︸

Response toDividend Surprise

(44)

The innovations in the cash-flow growth rate dz̃et are i.i.d. and correspond to the short-run

cash-flow news. Good short-run cash-flow news always increases the posterior odds O1,23

in Equation (15) in favor of the expansion state and generates good long-run cash-flow

news in terms of the improved forecasts of the T-period cash-flow growth rates me
t,T .

24

The effect of short-run cash-flow news on the long-run growth prospects is called the

“cash-flow effect” in the literature. Furthermore, the good short-run news also changes

the duration of the consumption stream as well as the forecast error variance and tends to

lengthen the mean time to the (partial) resolution of the consumption uncertainty leading

to a rise in the discount rates. The effect of the short-run news on the discount rates

is called the “discount-rate effect” in the literature. According to the analysis in Section

2.5.2, the cash-flow effect dominates the discount rate effect and the wealth-consumption

23The levered dividend shock dz̃lt enters because it is correlated with the hidden state s and is thus

also a source of news as shown in (11).
24Recall that the shocks to the beliefs (π1, π2) are persistent in proportion to the mean duration of

the states λ−1
j for j = 1, 2, 3 as well as the conditional probability of transitioning to the short recession

out of the expansion q.
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ratio Φu (π1,t, π2,t) is pro-cyclical rising unexpectedly on good short-run news dz̃et . We

call the innovation in the wealth-consumption ratio coming from the long-run cash-flow

as well as discount rate news simply the long-run news.

A positive piece of news in both the short-run and the long-run generates a positive

surprise in the return on the wealth portfolio,

dRa
t − Et {dR

a
t } = (dgat −Et {dg

a
t })︸ ︷︷ ︸

short-run news

+ (Φat )
−1 (dΦat − Et {dΦ

a
t })︸ ︷︷ ︸

long-run news

, for a = u, (45)

and a negative surprise in the marginal utility of wealth. When we invoke Equations (37)

and (45), and apply Itô lemma to Φut = Φu (π1,t, π2,t), we easily recover the formulas for

the risk prices Λet in Proposition 2.1.

2.7. LEVERED EQUITY PRICES

The absence of arbitrage implies that unlevered and levered equity prices equal the ex-

pected discounted value of the future dividend stream,

MtP
a
t = Et

{
ˆ ∞

t

MτD
a
τdτ

}
for a ∈ {u, l} .

The equity price P a
t trends upward, making it more tractable to solve for the equilibrium

price function in terms of the corresponding price-dividend ratio25

Φat =
P a
t

Da
t

. (46)

Proposition 2 in the Online Technical Appendix D exploits the martingale property of the

gain process MtΦ
a
tD

a
t +
´ t

0
MτD

a
τdτ, and derives the Fichera boundary value problems to

25Observe that the price-dividend ratio for the unlevered equity in equilibrium must equal the wealth-

consumption ratio,
Pu

t

Du

t

= Φu
t = Wt

ct
, and its pricing equation was partially analyzed already in Section

2.5.1.
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be solved numerically as described in the Online Technical Appendix D for the ratio

Φat = Φa (π1,t, π2,t) .

2.7.1 Procyclical Price-Dividend Ratio

A preference for early resolution of uncertainty (i.e., θ < 0) implies that equity prices rise

on good news. This happens because a positive innovation in the cash-flow growth rate

dz̃et (short-run news) raises the posterior odds in favor of the expansion state in Equation

(15) improving the T-period forecasts in the cash-flow growth rate (cash-flow effect).

Although the increase in the posterior odds tends to lower future mean discount factors

Mt+τ (discount rate effect), the cash-flow effect dominates the discount rate effect in our

parametrization. The dominance of the cash-flow effect then implies that increasing the

belief πi,t for each i = 1, 2 necessarily lowers the belief π3,t = 1−π1,t−π2,t, ceteris paribus,

which improves the growth prospects and leads to an increase in the price-dividend ratio

Φat . Hence, the derivative ∂Φa

∂πi
is positive. In fact, the belief π1,t corresponds to the

expansion state and its increase improves growth prospects more than the corresponding

increase in π2,t, allowing us to order the derivatives ∂Φa

∂π1
> ∂Φa

∂π2
> 0. However, short

recessions in our parametrization last on average about one year which indicates that the

long-run improvement in the growth prospects is about the same, hence, the derivatives

∂Φa

∂π1
and ∂Φa

∂π2
are of comparable magnitudes.

2.7.2 Conditional Return Moments

The procyclical variation in equity prices in turn generates a corresponding countercyclical

variation in the conditional moments of the equity returns. To see this, let us look first

at the conditional equity return volatility σa,et for e ∈ E, which measures the sensitivity

of the equity return to the cash-flow news dz̃et as shown in Equation (33). According

to the analogue of Equation (45) for a = u, we can also decompose the news for a = l

into short-run news and long-run news. The long-run news can be further decomposed

using Itô lemma as dΦat − Et {dΦ
a
t } =

∑2
i=1

∂Φa

∂πi
(dπi,t − Et {dπi,t}) , and thus the total
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sensitivity to news ϑa,et = ϑa,e (π1, π2) equals the sum of the sensitivity to the short-run

news, which is constant by assumption, and the sensitivity to the long-run news, which

depends on the beliefs,

ϑa,e︸︷︷︸
Total News Sensitivity

= σeδa,e︸ ︷︷ ︸
Short-Run News Sensitivity

+
2∑

i=1

νei
1

Φa
∂Φa

∂πi
︸ ︷︷ ︸

Long-Run News Sensitivity

, (47)

where the symbol δa,e is the Kronecker delta.

The volatility ϑa,et in Equation (47) is positive and countercyclical. Positive short-

run news dz̃et leads to a rise in the odds in favor of the expansion state in Equation

(15), increasing π1,t but decreasing the sum π2,t + π3,t by exactly the same amount. But

the belief π3,t is relatively small due to the inherent rareness of long recessions and thus

the news dπi,t − Et {dπi,t} for i = 1, 2 are of comparable magnitude but opposite sign.

The inequality ∂Φa

∂π1
> ∂Φa

∂π2
from the previous section then implies that the long-run news is

always positively correlated with the short-run news. In addition, the sensitivity of beliefs

to short-run news νe1,t in Equation (11) is proportional to the prior variance vart
{
µest
}
in

Equation (14), which tends to be large during times of heightened economic uncertainty

measured by the dispersion of the beliefs and leads to countercyclical variation in the

magnitude of the long-run news, and hence, in the equilibrium equity volatility ϑa,et for

each e ∈ E.

Second, the first-order condition in Equation (43) says that the equity risk premium

can be decomposed into the Lucas-Breeden component (short-run risk premium) plus the

timing premium due to the non-indifference to the timing of the resolution of uncertainty

about future consumption growth inherent in the Epstein-Zin preferences (the long-run

risk premium),

Et (dR
a
t − rtdt)︸ ︷︷ ︸

Equity Risk Premium

= γ covt (dR
a
t − Et {dR

a
t } , dg

u
t −Et {dg

u
t })︸ ︷︷ ︸

Short-Run Equity Risk Premium

+ (1− θ) covt

(
dRa

t − Et {dR
a
t } ,

1

Φu
(dΦut −Et {dΦ

u
t })

)

︸ ︷︷ ︸
Long-Run Equity Risk Premium

. (48)
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The equity risk premium inherits the property of countercyclical variation from the volatil-

ity ϑa,et as well as the risk prices Λet . We note again that although positive short-run news

does generate positive long-run news, the magnitude of the long-run news is countercycli-

cal as explained above, which tends to lower both covariances through νei,t in Equation

(11) in times of high confidence when π1,t ≈ 0 or π1,t ≈ 1.

The return variance vart {dR
a
t } =

(∑
e∈E (ϑt

a,e)2
)
dt as well as the expected return

Et {dR
a
t } = ζat dt are instantaneous moments corresponding to infinitesimal decision in-

tervals and thus must be time-aggregated to finite intervals as described in Proposition 5

in the Online Technical Appendix E in order to be comparable to the data.

2.8. REAL ZERO-COUPON BOND PRICES

Absence of arbitrage implies that the price of the real zero-coupon bond P b
t with a given

maturity T equals the expected discounted value of the principal payment

MtP
b
t = Et

{
MTP

b
T

}
,

where we normalize the principal P b
T ≡ 1. Proposition 3 in the Online Technical Appendix

D exploits the martingale property of the deflated price MtP
b
t and derives the partial

differential equation for the bond price P b as a function of the beliefs (π1, π2) and time t,

P b
t = P b (π1,t, π2,t, t;T ) .

As discussed in Section 2.6.1, and applied to price-dividend ratios later in Section

2.7.1, the effect of uncertainty on asset prices can be decomposed into the procyclical

cash-flow effect and the countercyclical discount-rate effect. As the cash-flow effect is

not present in case of non-defaultable zero-coupon bonds, their prices are driven solely

by the countercyclical variation in the discount rates. The countercyclical variation in

the bond prices generates a corresponding procyclical variation in the bond risk premium

but countercyclical variation in the bond return volatility and the bond yields. Such
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countercyclical fluctuations in the bond prices imply negative surprise in the bond returns

during the good times and positive surprise in the bond return during the bad times.

The real bonds thus carry negative risk premiums exactly because they help to smooth

consumption. 26

2.8.1 Real Yield Curves

The intertemporal price between consumption today and consumption in T periods ahead

equals the gross yield-to-maturity 1 + Y
(T )
t = exp

(
y
(T )
t

)
on a real zero-coupon bond

that matures in T periods. The functional dependence of the annualized yield on the

beliefs (π1,t, π2,t, π3,t)
′ presented in the previous proposition is driven by three distinct

effects. First, the subjective discount rate δ measures the investor’s desire for immediate

consumption with more impatient investors demanding higher yields in order to willingly

accept lower consumption today relative to the one in T periods ahead. The second

effect reflects the desire for a smooth consumption growth profile. The increased desire

to borrow against improved economic prospects measured by mu
t,T shifts the demand for

consumption to the right which however cannot be met in an endowment economy without

a corresponding change in the equilibrium yield Y
(T )
t . The strength of such an effect,

moreover, is measured by the elasticity of intertemporal substitution ψ. The consumption

smoothing effect explains why yields are high in times of good economic prospects and

low in times of bad economic prospects. The third and last motive is related to the

desire to save. Such precautionary saving is inherently related to the degree of economic

uncertainty measured by the forecast error volatility of the T-period consumption growth

rate σut,T . As discussed in Section 2.4, the model with hidden regime shifts endogenously

generates the variation in the forecast error variance in response to fluctuations in the

posterior distribution (π1,t, π2,t, π3,t)
′.

26As before, the expected bond return Et

{
dRb

t

}
= ζbt dt as well as the bond return variance

vart
{
dRb

t

}
=

(∑
e∈E

(
ϑa,bt

)2)
dt correspond to infinitesimal decision intervals. In order to be compara-

ble to their discrete-time counterparts, they must be time aggregated to Et

{
Rb

t+1,T

}
and vart

{
Rb

t+1,T

}

as explained in Proposition 5 in the Online Technical Appendix E.
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The following proposition links the real yield curve to the optimal forecasts and the

forecast-error variances of the T-period consumption growth rate.

Proposition 2.2. Denote y
(T )
t the continuously-compounded yield-to-maturity on a T-

period real zero-coupon bond and rbt+1,T the corresponding continuously-compounded hold-

ing period return. Then, the annualized yield-to-maturity on the T-period bond is given

by

y
(T )
t ≈ θδ + (1− θ) (Φu (π))−1 +

(
1

T

)
γ mu

t,T −

(
1

2T

)
γ2
(
σut,T
)2
, (49)

where π = (π1, π2, π3) denotes the invariant distribution of the Markov chain.

Proof. See the Online Technical Appendix F.

Our quantitative results discussed later show that the real yield curve is driven pre-

dominantly by the intertemporal substitution effect in response to changing forecasts of

future mean consumption growth ratesmu
t,T/T . The term structures of the T-period mean

forecasts mu
t,T/T , and hence of the T-period real log yields y

(T )
t , slope down during the

expansions but up during the recessions because of the mean-reverting nature of the in-

stantaneous consumption growth rate µust . The slope is moreover steeper during the long

recessions because of the dramatically more inferior short- and medium-term forecasts of

the consumption growth rate averaged over the T periods.

In addition, our model has implications for the volatility of the real yield curve. The

volatility curve of the real yields σ
{
y
(T )
t

}
for T > 0 depends on the variability of the

mean T-period consumption growth rate forecasts σ
{
mu
t,T/T

}
. Such forecast variabil-

ity necessarily declines with the forecast horizon T and hence the model generates a

downward-sloping volatility curve for the real yield curve.

2.8.2 Bond Risk Premiums

The annual bond risk premium depends crucially on the time-series properties of con-

sumption as the following proposition shows.
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Proposition 2.3. The annual geometric risk premium on the T-period real zero-coupon

bond is given by

Et

{
rbt+1,T − y

(1)
t

}
≈ −

γ2

2

(
vart

{
(Et+1 −Et) g

u
t,T

}
− vart

{
(Et+1 −Et) g

u
t,1

})

Proof. See the Online Technical Appendix F.

The above proposition is consistent with the findings in Campbell (1986). First, bond

prices carry a zero risk premium when the consumption growth rate gut,1 is I.I.D. be-

cause then (Et+1 − Et) g
u
t,T = (Et+1 − Et) g

u
t,1. Second, bond prices carry a negative risk

premium when the expected consumption growth rate is positively autocorrelated,

vart
{
(Et+1 − Et) g

u
t,T

}
> vart

{
(Et+1 − Et) g

u
t,1

}
.

Moreover, the magnitude of the bond risk premium is an increasing function of the con-

sumption growth rate persistence.

2.9. EUROPEAN OPTIONS

Absence of arbitrage implies that the price of the European call option P c
t with the given

maturity time T and the strike price P
l
equals the expected discounted value of the option

payoff at the maturity

MtP
c
t = Et {MTP

c
T} ,

where the option price at the maturity equals the final payoff, P c
T = max

(
P l
T − P

l
, 0
)
.

Proposition 4 in the Online Technical Appendix D exploits the martingale property

of the discounted option price MtP
c
t and derives the partial differential equation for the

no-arbitrage price

P c
t = P c

(
π1,t, π2,t, xt, t;T, P

l
)
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as a function of the beliefs (π1,t, π2,t), the log of the levered equity price to the strike price

xt = log
(
P l
t/P

l
)
and time t.

3. Empirical Section

We follow the empirical strategy used by Cecchetti et al. (2000) and estimate our two-

state semi-Markov model for consumption and dividends hidden in I.I.D. Gaussian shocks

in (3) by the maximum likelihood method. We discuss the point estimates and their

standard errors. We then demonstrate the plausibility of these parameter estimates by

calculating the variance ratios as well as the long-run forecasts of the consumption and

dividend growth rates. The fact that the decade-long optimal forecast of the consumption

growth rate during the long recession comes out close to zero motivates our interpretation

of the long recession as the lost decade. Finally, we show that learning about hidden

growth persistence endogenizes the variation in the probability of the consumption disaster

specified exogenously in Gourio (2012, 2013), Seo & Wachter (2013) and Wachter (2013).

3.1. SUMMARY STATISTICS

Our data construction of U.S. time series is similar to Bansal et al. (2007) and it is de-

scribed in full in the Online Technical Appendix A.1. Table 1 presents the summary

statistics for consumption and aggregate equity market dividends in the U.S. The geo-

metric growth rates of the series hover most of the time around their unconditional means

of 1.87% and 2.06% but the dividend series are more volatile with the annualized standard

deviation of 10.38% compared to 1.26% for the consumption series. The first-order annu-

alized autocorrelations in both series are negligible. The skewness coefficient is negative

-0.44 and -0.45 due to the marked tendency to experience declines during economic down-

turns while the excess kurtosis of about 1.41 and 3.78 along with the quantile-to-quantile

plots and the Kolmogorov-Smirnov tests against the null of Gaussian distribution (not

reported) favor a leptokurtic distribution such as a Gaussian mixture density. Table 1

also presents the summary statistics for the aggregate equity market. The average equity
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risk premium (simple compounding) is about 7.26% with a volatility of about 17.29% per

year. The null hypothesis of zero equity risk premium can be rejected at 5% significance

level. The average price-dividend ratio is about 31.24 per year with annual volatility of

about 33.59% and the first-order annualized autocorrelation coefficient of about 0.82.

The long-term annual data for real per-capita consumer expenditures for 42 countries is

from Barro & Ursua (2012) and it is described in the Online Technical Appendix A.2. The

confidence interval for the relative frequencies of the periods with negative T-year growth

rate are plotted in Figure 1 for T = 1, . . . , 30. We classify periods of negative 10-year

growth rate as lost decades and plot in Figure 2 the histogram of their relative frequencies,

considering each country separately. The relative frequency of lost decades displays a large

cross-sectional variation: negligible in Indonesia and Philippines but more than 30% in

Venezuela. The summary statistics in Table 2 reveals that the lost decades in the U.S.

occur in the 1790–2009 sample with a relative frequency of about 12%, with a standard

error of 5%, and average a mean growth rate of about -0.68%, with a standard error of

0.09%. This is significantly below a mean growth rate in the full Barro-Ursua cross-section

of about -1.41%, with a standard error of 0.15%, but nonetheless it is surprisingly close

to our maximum likelihood estimate µe = −0.79% in the U.S. 1952:I–2011:IV sample

3.2. MAXIMUM LIKELIHOOD

The cash-flow model in (3) depends on the parameter vector

θ =
(
µu, µu, µl, µl, σu, σl, λ1, λ2, λ3, q

)′
, (50)

subject to the restriction that the long-run geometric means of the consumption and the

dividend growth rates E
{
µest
}
for e ∈ E are equal.

Rare long recessions are not observed in the U.S. postwar data and thus we cannot

estimate their mean duration λ−1
3 as well as their relative frequency π3. For this reason,

we calibrate these parameters based on the Barro-Ursua sample for the U.S. (1790–2009).

Table 2 reveals that long recessions with mean duration of 10 years occur in this sample
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with the relative frequency of about 12% with a standard error of 5%. We set λ−1
3 = 10

years and π3 = 10% which implies exactly one lost decade per century on average. Our

choice is also consistent with the broader evidence in the cross-section of 42 countries in

the the Barro-Ursua sample where the relative frequency of lost decades is 13%.

We demonstrate in Section 3.2.1 that our choice of λ3 and π3, together with the

maximum-likelihood estimates of the remaining parameters
(
µu, µu, µl, σu, σl, λ1, q

)′
, im-

plies empirically plausible magnitudes of the T-period-ahead forecasts of the dividend

growth rate me
t,T for each e ∈ E.

3.2.1 Parameter Estimates

Panel A in Table 3 reports the parameter values and the asymptotic standard errors of

the maximum likelihood estimates for the transition intensities λi, consumption and the

dividend growth rates µei as well as the volatility σe for each e ∈ E and i = 1, 2, 3.

First, consumption is estimated to grow instantaneously at the annualized rate of

about µu =2.65% in expansions, and about µu =-0.79% in recessions, which is consistent

with the sample mean growth rate of about -0.68%, with a standard error of 0.09%,

experienced by the U.S. during its lost decades between 1790–2009 but not used in the

estimation (see Table 2). 27

Next, the aggregate dividend is estimated to grow instantaneously at the annualized

rate of about µl =4.28% in expansions and about µl =-6.33% in recessions while the

annualized estimate of the consumption volatility comes out around σu =1.09% whereas

it is about σl =10.16% for the aggregate dividends. 28

In addition, Panel B in Table 3 reports the long-run forecasts of consumption and div-

idend growth rates, conditional on all the hidden states. The annual consumption growth

rate forecasts are guT=1|1 = 2.44% in expansions whereas guT=1|2 = 0.37% in downturns and

27Table 2 shows that the average is about -1.41% per year with a standard error 0.15% in the Barro-

Ursua cross-section of 42 countries.
28For comparison, David & Veronesi (2013) calibrate consumption volatility six times higher at 6.34

% per year.
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guT=1|3 = −0.63% in lost decades. In addition, the annualized decade-long forecasts are

guT=10|1 = 2.09% expansions, guT=10|2 = 1.79% in downturns and guT=10|3 = 0.29% in lost

decades. The lost decade s̃t = 3 may in fact be thought of as a protracted, decade-long,

period of anemic growth during which the consumption level is forecast to stagnate. 29

As regards dividends, the decade-long forecasts come out glT=40|1 = 2.54% in expan-

sions, glT=40|2 = 1.64% in downturns and glT=40|3 = −3.00% in lost decades. For example,

the cumulative drop in dividends over the whole 10-year duration of the lost decade, which

happens once a century, is −3.00% × 10 = −30.0%. This quantitative exercise demon-

strates that much less consumption and dividend risk, measured in terms of the difference

in the hidden growth rates µu − µu and µl − µl per unit of the volatility σu and σl, is

needed when the growth persistence itself is subject to change, as opposed to the common

two-state models of asset prices that feature constant persistence.

Second, the mean duration of the expansion λ−1
1 comes out almost 6 years and ac-

cording to Equation (7) the mean duration of the short recession λ−1
2 comes out slightly

above 1 year. The transition probability to the short recession, conditional on leaving the

expansion state, q = qλ1/ (qλ1 + (1− q)λ1), is estimated around 0.92. These estimates

imply that the invariant distribution is π = (0.773, 0.127, 0.100), with each century expe-

riencing on average 77 years of good times interrupted by about 13 brief business-cycle

recessions and about one lost decade. The Great Recession of 2008 is exactly the 13th

recession after the Great Depression.

29We note that the estimation procedure restricts only the mean duration of the lost decades λ−1
3

and their relative frequency in a century-long series (i.e., π3 = 0.1). The fact that the decade-long

consumption-growth forecast comes out close to zero is dictated by the realized consumption and dividends

series.
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3.2.2 Hidden State Estimates

We use the maximum likelihood estimates from Table 3 and follow Hamilton (1989) in

order to obtain the time series of the filtered beliefs

π̂i,t = P
{
st = s̃i| Ft, θ̂

}

for each i = 1, 2, 3 as well as the smoothed beliefs P
{
st = s̃i| FT , θ̂

}
, which are conditional

on the whole sample period. The filtered belief π̂3,t corresponds to the probability of the

consumption disaster.

Figure 1 shows that the filtered beliefs nicely track the NBER recessions when π̂1,t falls

and π̂2,t and π̂3,t both rise due to the Peso problem discussed in Section 2.3. Speaking

quantitatively, the estimated disaster probability π̂3,t reaches magnitudes of almost 30% in

the recessions while the corresponding smoothed probability is estimated almost always

below 10%. This fact suggests that the U.S. economy did not experience significantly

protracted recessions ex post in the post-war sample but investors nonetheless worried

about such a possibility on an on-going basis.

4. Implications for Consumption and Asset Prices

We assess the performance of the model by comparing the model-implied unconditional

and conditional asset-pricing moments to their sample counterparts. The estimates of the

dividend growth rate model in Equation (3) are from Table 3 while the utility aggregator

in Equation (2) is configured with the relative risk aversion γ = 10.0, the elasticity of

intertemporal substitution ψ = 1.50 and the subjective discount rate δ = 0.015. Our

assumed level of the relative risk aversion is 10, a value considered plausible by Mehra &

Prescott (1985) and used also by Bansal & Yaron (2004).

In order to obtain the conditional asset-pricing moments, we need to solve the partial

differential equations (70) and (71) for the unlevered and levered price-dividend ratios

Φu (π1, π2) and Φl (π1, π2), and further (81) for the whole term structure of the zero-
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coupon real bond prices P b (π1, π2, t;T ), and finally, (106) and (107) for the first two

moments of the time-aggregated annual levered equity return M l
i (π1, π2, t;T ) for i = 1, 2.

We then calculate the (gross) bond yields Y (T )(π1, π2, t) as

Y (T )(π1, π2, t) =
(
P b(π1, π2, t;T )

)− 1

T , (51)

and the annual holding-period return Rb,T (π1, π2, t) on the T-period zero-coupon real bond

as

Rb,T (π1, π2, t) =
P b(π1, π2, t;T − 1)

P b(π1, π2, t;T )
. (52)

We additionally calculate the levered equity risk premium El (π1, π2, t) as the expected

levered equity return in excess of the one-year yield,

M l (π1, π2, t) =M l
1(π1, π2, t; 1)− Y (1) (π1, π2, t) , (53)

the levered equity volatility V l(π1, π2, t) as the second moment minus the first moment

squared

V l(π1, π2, t) =
(
M l

2(π1, π2, t; 1)−
(
M l

1(π1, π2, t; 1)
)2) 1

2

. (54)

The unconditional moments are obtained by Monte Carlo integration with respect to

the invariant distribution of the beliefs. First, we use the Euler-Maruyama scheme in

order to solve the stochastic differential equation in Equation (3) in the finer filtration

Gt = σ (Ft ∪ {sτ : 0 ≤ τ ≤ t}) for t > 0 and obtain the time-series of the cash-flows De
t for

e ∈ E, the shocks zet , and the hidden states st. We then invoke Equation (9) in order to

construct the time-series of the instantaneous cash-flow forecast errors dz̃et as well as the

beliefs πt = (π1t, π2t, π3t)
′. The time series obtained

(
Du
t , D

l
t, st, π1,t, π2,t, π3,t

)′
contains

both the hidden state as well as the beliefs about that hidden state, given the coarse

information set Ft available to the investor.
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Second, we construct the time series of the T-period expected consumption growth rate

me
t,T and the T-period consumption growth rate volatility σet,T by means of Equation (29)

and Equation (31). Furthermore, we use Equations (51) and (52) in order to construct the

real bond yields Y
(T )
t and the annual holding period returns Rb,T

t for maturities up to 30

years. In addition, we construct the equity risk premium M l
t , equity return volatility V l

t ,

equity Sharpe ratioM l
t/V

l
t , and the equity price-dividend ratios Φet for e ∈ E by means of

Equations (53), (54) and (46). Finally, we calculate the unconditional moments, such as

the mean, the standard deviation or the first-order autocorrelation, as the corresponding

sample statistics.

In addition, we evaluate the performance of the model based on the beliefs estimated

from the actual post-war U.S. consumption and dividend data. Such a stringent test

is often absent in the literature because generating plausible historical posterior beliefs

based on the actual consumption data is challenging; see the recent paper of Ju & Miao

(2012, Figure 3) for a notable exception. As we document below, our model generates

plausible and comparable dynamics for the levered equity prices using both the historical

and the simulated posterior beliefs.

4.1. CONSUMPTION

In Table 5 we report the means, the standard deviations and the first-order autocorrela-

tions of the realized and the simulated data as well as the corresponding annual variance

ratios for the horizons up to five years. As can be seen, the simulated cash-flow model in

Equation (3) nicely matches the salient features of the consumption and dividend data.

Furthermore, the analysis in Section 2.4.3 predicts that the annual consumption growth

rate forecast mu
t,1 is procyclical and the consumption growth rate volatility σut,1 is coun-

tercyclical. Table 7 confirms these predictions: the mean forecast mu
t,1 is about 1.04%

in recessions and 2.08% during expansions, and the consumption volatility σut,1 is about

1.74% in recessions but only 1.36% in expansions. In addition, Section 2.4.3 predicts a

rising pattern for the annual forecast, and a falling one for the annual volatility, over the
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expansion, and vice versa for the recession. This prediction is confirmed in Table 7 as

well.

Our model of consumption given by Equation (3) is thus able to endogenously generate

countercylical uncertainty shocks in Bloom (2009), Bloom et al. (2012) and Baker & Bloom

(2012).

4.2. ASSET PRICES

Table 6 in Panel A presents the model-implied levered-equity and real-bond pricing mo-

ments and compares them to their sample counterparts. Table 6 in Panel B repeats the

same analysis using the inferred beliefs from the actual post-war U.S. consumption and

dividend data. Table 7 presents the variation in the moments of the conditional distri-

butions of the levered-equity and real-bond prices over the various phases of the business

cycle, and compares them to their empirical evidence in Lustig & Verdelhan (2013).

4.2.1 Levered Equity

In this Section, we refer to Table 6 and Table 7 jointly.

First, the unconditional risk premium of about E
{
M l

t

}
= 6.29% per year from Panel

A in Table 6 compares well to the sample estimate of 7.26% with a standard error of

1.59% in Table 1. The conditional risk premium varies significantly over time, having

a standard deviation of about σ
{
M l

t

}
= 4.11%. In addition, Table 7 reveals that such

variation in the risk premium occurs at the business cycle frequency: the mean equity

risk premium in short recessions comes out about 8.88%, significantly above the mean

risk premium of 5.52% during expansions. These numbers compare surprisingly well to

the point estimates of 11.31% with the standard error 2.20% and 5.28% with standard

error 1.87% obtained by Lustig & Verdelhan (2013).

Second, the mean return volatility from Panel A in Table 6 is about E
{
V l
t

}
= 15.78%

per year and also displays a large variation over time, having the standard deviation of

about σ
{
V l
t

}
= 3.59%. The total volatility of the realized excess return is given by
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the square root of the mean of the conditional variance E
{(
V l
t

)2}
plus the variance of

the conditional mean σ2
{
M l

t

}
. It comes out about 16.31% per year, close to the point

estimate of 17.29% with a standard error 1.10% in Table 1. As before, Table 7 reveals the

strong business-cycle variation: the mean volatility in short recessions comes out about

19.43%, which is significantly higher than the mean volatility of 14.71% during expansions.

Third, the mean Sharpe ratio from Panel A in Table 6 is about E
{
M l

t/V
l
t

}
= 0.37

with a standard deviation of σ
{
M l

t/V
l
t

}
= 0.15. As before, Table 7 reveals that the

large variation in the Sharpe ratio M l
t/V

l
t is tightly linked to the business cycle: the

mean Sharpe ratio during short recessions is about 0.43 and during expansions about

0.35. These numbers again compare surprisingly well to the point estimates of 0.66 with

standard error 0.14 and 0.38 with standard error 0.14 in Lustig & Verdelhan (2013).

Fourth, the mean price-dividend ratio comes out as E
{
Φlt
}

= 22.48 and displays

volatility of nearly σ
{
log Φlt

}
= 12.20% per year. The price-dividend ratio volatility is

below the sample counterpart of 33.59% with a standard error of 4.75% reported in Table

1. It is arguably difficult to match the volatility of prices in a model where the mean

consumption growth rate switches between high and low values only. Nonetheless, the

model can match the persistence of the price-dividend ratio measured by the first-order

autocorrelation AC1, which comes out about 0.75 in annual data in Panel A of Table 6

and compares favorably with the point estimate of 0.82 with a standard error of 0.09 in

Table 1.

Fifth, Panel B in Table 6 reveals that the model generates comparable values for

unconditional moments for levered equity prices using the historical beliefs as well.

4.2.2 Real Bonds

Speaking quantitatively, the average short-term yield 1.78% is above the average long-

term yield of about 0.80%. The short-term yield is also more volatile, with the standard

deviation of about 0.90%, than the long-term yield with the standard deviation of about

0.10%. As a result, the average yield curve is mildly downward sloping, which is consistent

with the empirical findings in Ang et al. (2008), Campbell et al. (2009) and Piazzesi &
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Schneider (2007).

Furthermore, our model with learning features significantly lower persistence of the

consumption growth rate, which, according to Proposition 2.3, generates a negligible bond

risk premium on a 30-year zero-coupon bond of about -1.08%. The negative sign for the

bond risk premium comes from the countercyclical variation in the real bond prices, which

fall in good times and rise in bad times, as explained in Section 2.8. In contrast, the related

long-run risk literature can generate a sizable equity risk premium only if the expected

consumption growth rate is highly persistent, in which case the risk premium on real

zero-coupon bonds is highly negative as discussed in Beeler & Campbell (2012).

4.3. CONSUMPTIONAND ASSET PRICES OVER THE PHASES

OF THE BUSINESS CYCLE

As explained in Section 2.4.3, a regime shift to the high-growth state s = s̃1 is associated

with rising T-period forecasts of the cash-flow growth rate mu
t,T = Et

(
µut,T

)
as well as

falling economic uncertainty measured by the corresponding T-period cash-flow volatility

σut,T = σt
{
gut,T
}
. These predictable changes occur gradually while the regime shift is

being recognized in terms of the posterior odds in favor of the high-growth state O1,23 in

Equation (15). From the perspective of the equity pricing, the shift is associated with

falling levered-equity risk premiums, return volatility and Sharpe ratios as well as a rising

levered-equity price-dividend ratio, as shown in Table 7. From the perspective of the

real-bond pricing, the shift is associated with rising bond yields and holding-period excess

returns in Table 8. From the perspective of macroeconomics, the shift is associated with

rising annual forecasts of the consumption growth ratemu
t,1 and falling annual consumption

growth rate volatility σut,1, as also shown in Table 7.

In contrast, a regime shift to the low-growth state s ∈ {s̃2, s̃3} is associated with falling

T-period consumption growth-rate forecasts mu
t,T as well as rising economic uncertainty

measured by the corresponding T-period consumption volatility σut,T . These predictable

changes also occur gradually over time as the regime shift is being recognized in terms
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of the posterior odds O1,23 and O23. The posterior odds O1,23 are informative about the

growth rate (i.e., high growth rate versus low growth rate) whereas the posterior odds O23

in Equation (18) are informative about the growth rate persistence (i.e., high persistence

versus low persistence). In fact, the uncertainty about the persistence does not arise in a

standard two-state Markov chain setting. From the perspective of the equity pricing, the

shift is associated with rising levered-equity risk premiums, return volatility and Sharpe

ratios as well as a falling levered-equity price-dividend ratio, as shown in Table 7. From

the perspective of the real-bond pricing, the shift is associated with falling bond yields

and holding-period excess returns in Table 8. From the perspective of macroeconomics,

the shift is associated with falling annual forecasts of the consumption growth rate mu
t,1

and rising annual consumption growth-rate volatility σut,1, as also shown in Table 7.

The predictable variation in the cash-flow forecasts and the discount rates depends

crucially on the fact that the economic uncertainty is declining over time after the regime

shift to the high-growth state, but rising after the shift to the low-growth state. This single

learning mechanism has the power to generate (1) the procyclical variation in the price-

dividend ratio, (2) the countercyclical variation in mean risk premium, return volatility

and Sharpe ratio, (3) the rising pattern of the risk premiums, the return volatility and the

Sharpe ratios during recessions and falling pattern during the expansions, (4) the leverage

effect, (5) the mean reversion of excess returns, and (6) the predictability of consumption

volatility from the price-dividend ratio. In particular, Table 7 reveals that the variation

in the conditional moments of the levered-equity prices over the various phases of the

business cycle compares quantitatively to the empirical evidence in Lustig & Verdelhan

(2013).

5. Robustness of Results

In this section we perform the following robustness analysis. First, we assess the perfor-

mance of the two-state Markov chain model, which is nested in our semi-Markov setting

for q = 1. We then examine the sensitivity of our results to the choice of the two pa-
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rameters (λ3, π3), which cannot be estimated from the short sample. We end by briefly

assessing the implications for the European options.

5.1. TWO-STATE MARKOV CHAIN AS A NESTED MODEL

The standard two-state Markov chain is nested in our framework for q = 1. Table 6

reveals that the model without lost decades performs marginally better than Mehra &

Prescott (1985) because the states si for i = 1, 2 are hidden, which generates a small

uncertainty premium due to the preference for early resolution of uncertainty coming

from the Epstein-Zin preferences. Despite that, the semi-Markov model with lost decades

dramatically outperforms the Markov model in every dimension reported.

5.2. SENSITIVITY TO NON-ESTIMATED PARAMETERS

The cash-flow model parameters (λ3, π3) are difficult to estimate given our short sample.

In our empirical approach, which is discussed in Section 3.2, we choose thoughtfully the

mean duration of the long recession λ−1
3 = 10 years and the invariant distribution of

the lost decade π3 = 0.1. We then invert the constraint in Equation (7) for the mean

duration of the short recession λ−1
2 as a function of q, λ−1

1 , λ−1
3 and π3. Such choice of the

parameters (λ3, π3) implies that each century features on average about one lost decade.

In order to examine the sensitivity of our results to the above choice of λ3 and π3, it

is more natural to consider the pair (λ2, λ3), and then obtain π3 from the constraint in

Equation (7). We consider the hazard rate of the short recession λ2 ∈ {0.5, 1.0, 1.5} and

the hazard rate of the long recession λ3 ∈ {0.08, 0.10, 0.12}, obtaining 3×3 = 9 candidate

cases to consider. Table 9 presents the asset-pricing implications for the levered equity

and the real bonds in the form of a two-dimensional matrix. 30 We additionally report

the implied invariant distribution π = (π1, π2, π3)
′. As can be observed, the asset-pricing

moments for the candidate calibrations are of comparable magnitudes to the benchmark

30The calibration in the middle of the matrix λ−1
2 = 1 and λ−1

3 = 10 is closest to the choice in Section

3.2 with λ−1
2 = 0.944−1 and λ−1

3 = 10.
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results in Table 6. Interestingly, higher mean duration of the short recessions λ−1
2 lowers

the equity premium because it weakens the Peso problem by slowing down the learning

about the recession type.

5.3. DISCUSSION OF EUROPEAN OPTIONS

Modeling consumption disasters as large negative declines in the realized consumption

growth rate results in option prices less in line with the data. In the words of Backus

et al. (2011) on p. 1994:

“The consumption-based calibration has a steeper smile, greater curvature,

and lower at-the-money volatility. This follows, in part, from its greater risk-

neutral skewness and excess kurtosis ... . They suggest higher risk-neutral

probabilities of large disasters and lower probabilities of less extreme outcomes.

“

Our results suggest, in contrast, that modeling consumption disasters as protracted peri-

ods of anemic consumption growth rate results in option prices consistent with the data.

Because the gist of our paper is not option pricing, our analysis is necessarily brief.

We first solve numerically the partial differential equation in Equation (89) in Proposi-

tion 4 for the equilibrium price P c (π1, π2, t) of the European call option with three-months

to maturity, as described in the Online Technical Appendix D. We then calculate the im-

plied volatility function I
(
π1, π2,

P
l

P l

)
by equating the equilibrium option price P c to the

Black-Scholes formula. The average implied volatility curve as a function of the money-

ness log
(
P
l
/P l
)
is then constructed as the sample mean 1

T

∑T

t=1 I
(
π̂1,t, π̂2,t,

P
l

P l

)
, where

the beliefs π̂1,t and π̂2,t are estimated from the consumption and dividend data. We con-

sider 9 candidate calibrations for the two non-estimated parameters λ2 ∈ {0.5, 1.0, 1.5}

and λ3 ∈ {0.08, 0.10, 0.12}.

The results are plotted in Figure 4, a counterpart to Figure 5 in Backus et al. (2011).

As can be observed, our model seems to be able to resolve the discrepancy stated in the

quote by Backus et al.: the implied volatility curves in our model are mildly downward
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sloping and display negligible curvature.

6. Conclusion

Our model is a minimal extension of the Mehra-Prescott-Rietz asset-pricing framework to

an incomplete information setting that can explain a broad range of dynamic phenomena

in macroeconomics and finance. We show that the success of the model is attributable to

the interplay of two key factors. First, we extend the standard two-state hidden Markov

model to a two-state hidden semi-Markov setting which introduces variable growth per-

sistence. Learning about growth persistence dramatically magnifies the level as well as

the variation in economic uncertainty. Second, we relax the independence axiom of the

expected utility by using the recursive Epstein-Zin preferences configured so that early

resolution of uncertainty is preferred. This makes assets with uncertain future payoffs

comparably less valuable, increasing their equilibrium risk premiums.

It is the interplay of the fluctuations in the economic uncertainty due to learning, and

higher risk premiums due to the preference for the early resolution of uncertainty, that

makes the asset desirability not only lower, but also fluctuating over time in response to

the variation in the average time needed to resolve the payoff uncertainty.

We estimate the model using maximum likelihood on the U.S. post-war sample of

consumption and dividend series. The model can generate endogenously the following

array of consumption and asset-pricing phenomena:

– consumption growth rate:

• procyclical variation in the T-period forecasts, including

– their rising pattern during expansions,

– their falling pattern during recessions,

• countercyclical variation in the T-period forecast-error volatility, including

– their falling pattern during expansions,
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– their rising pattern during recessions,

for any forecast horizon T;

– equity prices:

• procyclical variation in the price-dividend ratios, including

– their rising pattern during expansions,

– their falling pattern during recessions,

• countercyclical variation in risk premiums, return volatility and Sharpe ratios,

including

– their rising pattern during recessions,

– their falling pattern during expansions,

These effects naturally induce the leverage effect, the mean reversion of excess re-

turns, as well as the predictability of consumption volatility from price-dividend

ratio;

– real bond prices:

• average real yield curve,

• level, variability and persistence of real yields,

• mean bond risk premiums.

Additionally, our preliminary results for option prices suggest that our model could be

useful for understanding the behavior of implied volatility of S&P 500 index options

observed in the data.

The recent study of David & Veronesi (2013) uses expected-utility preferences and

shows that learning is important for understanding the co-movement of stocks and nominal

bonds. We show that additionally relaxing the independence axiom by employing the

recursive utility is key for understanding the co-movement of consumption and asset prices
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in general. Such co-movement depends crucially on the fact that the economic uncertainty

in our semi-Markov model is declining over time after the shift to the high-growth state,

but rising over time after the shift to the low-growth state.

To sum up, modeling rare consumption disasters in terms of protracted but mild

recessions rather than deep short declines in the realized consumption growth rate helps

to understand consumption and asset prices through the lens of rare disasters. The fact

that the probability of the rare event is endogenous, being a result of Bayesian updating

rather than an exogenously specified stochastic process, makes our results more credible.

References

A. Ang, et al. (2008). ‘The Term Structure of Real Rates and Expected Inflation’. Journal
of Finance 63(2):797–849.

D. Backus, et al. (2011). ‘Disasters Implied by Equity Index Options’. Journal of Finance
66:1969–2012.

S. Baker & N. Bloom (2012). ‘Does Uncertainty Drive Business Cycles? Using Disasters
as a Natural Experiment’. Working Paper, Stanford University .

R. Bansal, et al. (2007). ‘Rational Pessimism, Rational Exuberance, and Asset Pricing
Models’. Review of Economic Studies 74(4):1005–1033.

R. Bansal, et al. (2012). ‘Volatility, Macroeconomy and Asset Prices’. NBER Working
Paper No. 18104 .

R. Bansal, et al. (2010). ‘Long-Run Risks, the Macroeconomy, and Asset Prices’. American
Economic Review Papers and Proceedings 100(2):542–546.

R. Bansal & A. Yaron (2004). ‘Risks for the Long Run: A Potential Resolution of Asset
Pricing Puzzles’. Journal of Finance 59:1481–1509.

R. J. Barro (2006). ‘Rare Disasters and Asset Markets in the Twentieth Century’. Quar-
terly Journal of Economics 121(3):823–866.

R. J. Barro & T. Jin (2011). ‘On the Size Distribution of Macroeconomic Disasters’.
Econometrica 79(5):1567–1589.

R. J. Barro & J. F. Ursua (2012). ‘Rare Macroeconomic Disasters’. Annual Review of
Economics 4(1):83–109.

D. S. Bates (2000). ‘Post-’87 crash fears in the S&P 500 futures option market’. Journal
of Econometrics 94(1–2):181–238.

47



J. Beeler & J. Y. Campbell (2012). ‘The Long-Run Risks Model and Aggregate Asset
Prices: An Empirical Assessment’. Critical Finance Review 1:141–182.

R. Bergoeing, et al. (2002). ‘A Decade Lost and Found: Mexico and Chile in the 1980s’.
Review of Economic Dynamics 5:166–205.

N. Bloom (2009). ‘The Impact of Uncertainty Shocks’. Econometrica 77(3):623–685.

N. Bloom, et al. (2012). ‘Really Uncertain Business Cycles’. NBER Working Paper No.
18245 .

N. Branger, et al. (2012). ‘The Role of Volatility Shocks and Rare Events in Long-Run
Risk Models’. Manuscript, Goethe University Frankfurt .

S. J. Brown, et al. (1995). ‘Survival’. Journal of Finance 50(3):853–873.

J. Y. Campbell (1986). ‘Bond and Stock Returns in a Simple Exchange Model’. Quarterly
Journal of Economics 101:185–804.

J. Y. Campbell, et al. (2009). ‘Understanding Inflation-Indexed Bond Markets’. Brookings
Papers on Economic Activity pp. 79–120.

S. G. Cecchetti, et al. (1990). ‘Mean Reversion in Equilibrium Asset Prices’. American
Economic Review 80(3):398–418.

S. G. Cecchetti, et al. (2000). ‘Asset Pricing with Distorted Beliefs: Are Equity Returns
Too Good to Be True?’. American Economic Review 90(4):787–805.

T. Cogley & T. J. Sargent (2008). ‘The Market Price of Risk and the Equity Premium:
A Legacy of the Great Depression?’. Journal of Monetary Economics 55(3):454–476.

P. Collin-Dufresne, et al. (2013). ‘Parameter Learning in General Equilibrium: The Asset
Pricing Implications’. Working Paper, Columbia Business School .

A. David (1997). ‘Fluctuating Confidence in Stock Markets: Implications for Returns and
Volatilities’. Journal of Financial and Quantitative Analysis 32(4):427–462.

A. David & P. Veronesi (2013). ‘What Ties Return Volatilities to Price Valuations and
Fundamentals ?’. Journal of Political Economy 121(4):682–746.

F. X. Diebold, et al. (1994). Nonstationary Time-Series Analysis and Cointegration (Ad-
vanced Texts in Econometrics). Oxford University Press.

D. Duffie & L. G. Epstein (1992a). ‘Asset Pricing with Stochastic Differential Utility’.
Review of Financial Studies 5(3):411–36.

D. Duffie & L. G. Epstein (1992b). ‘Stochastic Differential Utility’. Econometrica
60(2):353–394.

D. Duffie & P.-L. Lions (1992). ‘PDE Solutions of Stochastic Differential Utility’. Journal
of Mathematical Economics 21(6):577–606.

48



L. G. Epstein & S. E. Zin (1989). ‘Substitution, Risk-Aversion and the Temporal Be-
havior of Consumption and Asset returns: A Theoretical Framework’. Econometrica
57(4):937–969.

L. G. Epstein & S. E. Zin (1991). ‘Substitution, Risk Aversion, and the Temporal Behav-
ior of Consumption and Asset Returns: An Empirical Analysis’. Journal of Political
Economy 99(2):263–86.

M. D. Evans (1996). ‘Peso Problems: Their Theoretical and Empirical Implications’. In
G. S. Maddala & C. R. Rao (eds.), Handbook of Statistics, vol. 14, pp. 613–646. Elsevier
Science B.V.

E. Farhi & X. Gabaix (2011). ‘Rare Disasters and Exchange Rates’. Working Paper,
Harvard University .

A. Friedman (2006a). Stochastic Differential Equations and Applications, Volume I.
Dover, Mineola, NY.

A. Friedman (2006b). Stochastic Differential Equations and Applications, Volume II.
Dover, Mineola, NY.

X. Gabaix (2008). ‘Variable Rare Disasters: A Tractable Theory of Ten Puzzles in Macro-
Finance’. American Economic Review: Papers and Proceedings of the One Hundred
Twentieth Annual Meeting of the American Economic Association 98(2):64–67.

X. Gabaix (2012). ‘Variable Rare Disasters: An Exactly Solved Framework for Ten Puzzles
in Macro-Finance’. The Quarterly Journal of Economics 127(2):645–700.

F. Gourio (2008). ‘Time-series Predictability in the Disaster Model’. Finance Research
Letters 5(4):191–203.

F. Gourio (2012). ‘Disaster Risk and Business Cycles’. The American Economic Review
102(6):2734–2766.

F. Gourio (2013). ‘Credit Risk and Disaster Risk’. AEJ: Macroeconomics 5(3):1–34.

F. Gourio, et al. (2013). ‘International risk cycles’. Journal of International Economics
89(2):471–484.

J. Hamilton (1989). ‘A New Approach to the Economic Analysis of Nonstationary Time
Series and the Business Cycle’. Econometrica 57(2):357–384.

F. Hayashi & E. C. Prescott (2002). ‘The 1990s in Japan: A Lost Decade’. Review of
Economic Dynamics 5:206–235.

R. A. Howard (1971). Dynamic Probabilistic Systems, Vol. II: Semi-Markov and Decision
Processes. John Wiley and Sons, Inc., New York.

T. Jin (2014). ‘Rare Events and Long-Run Risks for Asset Prices: Empirical Identification
and Evaluation’. Manuscript, Harvard University .

M. Johannes, et al. (2012). ‘Learning About Consumption Dynamics’. Manuscript,
Columbia Business School .

49



N. Ju & J. Miao (2012). ‘Ambiguity, Learning and Asset Returns’. Econometrica
80(2):559–592.

F. E. Kydland & C. E. J. M. Zarazaga (2002). ‘Argentina’s Lost Decade’. Review of
Economic Dynamics 5:152–165.

M. Liptser & A. Shiryaev (1977). Statistics of Random Processes: General Theory.
Springer-Verlag.

Y. K. Lu & M. Siemer (2013). ‘Learning, Rare Disasters, and Asset Prices’. Working
Paper, Federal Reserve Board No. 2013-85 .

R. E. Lucas (1978). ‘Asset Prices in an Exchange Economy’. Econometrica 46(6):1429–
1445.

H. N. Lustig & A. Verdelhan (2013). ‘Business Cycle Variation in the Risk-Return Trade-
Off’. Journal of Monetary Economics, Supplement Issue: October 15–16 2010 Research
Conference on ‘Directions for Macroeconomics: What Did We Learn form the Economic
Crises’, Sponsored by the Swiss National Bank 59(S).
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Table 1: Summary Statistics : U.S. Data a

Mean Standard Deviation AC1

Time Series Estimate S.E. Estimate S.E. Estimate S.E.

Cash-Flow Growth Rates

Consumption 1.87 (0.10) 1.26 (0.11) 0.00 (0.00)

Levered Dividends 2.06 (0.36) 10.38 (0.74) 0.01 (0.01)

Securities

Risk-Free Rate 1.06 (0.45) 2.15 (0.34) 0.65 (0.04)

Equity Risk Premium 7.26 (1.59) 17.29 (1.10) -0.13 (0.00)

Price-Dividend Ratio 33.24 (3.45) 33.59 (4.75) 0.82 (0.09)

a The sample means and the sample standard deviations are in percentages. The cash-flow growth rates are
geometric averages while returns are reported with simple compounding. AC1 denotes first-order auto-
correlation. Standard errors obtained by performing a block bootstrap with each block having geometric
distribution. The sample period is quarterly 1952:I–2011:IV.
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Table 2: Summary Statistics : International Data a

Mean Standard Deviation Relative Frequency

Time Series Estimate S.E. Estimate S.E. Estimate S.E.

International Sample

Full 1.80 (0.10) 2.11 (0.11)

Only Declines -1.41 (0.15) 1.75 (0.21) 0.13 (0.01)

U.S. Sample, 1790–2009

Full 1.58 (0.25) 1.19 (0.13)

Only Declines -0.68 (0.09) 0.44 (0.05) 0.12 (0.05)

a The international data are from Barro & Ursua (2012) as described in more detail in the Online Technical
Appendix A.2. The growth rates are decade-long geometric means. Standard errors are obtained by
performing a block bootstrap with each block having geometric distribution.
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Figure 1: Relative Frequency of Long Recessions : International Evidence
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Notes. The figure uses the international consumption data from Barro & Ursua (2012) as described in more detail in the Online Technical Appendix A.2. The
confidence bounds correspond to percentile intervals from bootstrap with a random block length having geometric distribution.
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Figure 2: Relative Frequency of Lost Decades : Country-Level Evidence
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Table 3: Cash-Flow Model : Maximum Likelihood Estimates

Panel A. Maximum Likelihood Estimates a

Parameter Estimate (S.E.) Parameter Estimate (S.E.) Parameter Estimate (S.E.)

Instantaneous Instantaneous

Transition Hazard Rates Consumption Growth Rate Levered Dividend Growth Rate

λ1 0.168 (0.038) µu 2.650 (0.092) µl 4.278 (0.716)

λ2 0.944 b (0.314) µu -0.786 (0.358) µl -6.330 (2.088)

λ3 0.100 c σu 1.086 (0.041) σl 10.162 (0.332)

Invariant Distribution of the Chain Probability of the Short Recession

π1 0.773 (0.088) q 0.923 (0.034)

π2 0.127 (0.088)

π3 0.100 d

a We estimate the parameters of a two-state continuous-time hidden semi-Markov model that is
discretely observed from the bivariate time series of consumption and dividend growth rates. We
map the semi-Markov chain into a restricted three-state Markov chain by imposing the restriction
µe
2 = µe = µe

3 for each e ∈ E. The instantaneous volatility σe is constant across the hidden regimes
for each e ∈ E. The maximum likelihood estimation allows for transitions of the continuous-time
chain only at the quarter ends. The initial probability π0 is set equal to the invariant distribution
of the chain denoted by the symbol π = (π1, π2, π3). The reported parameter estimates are
annualized. The sample period is quarterly 1952:I–2011:IV.

b The parameter λ2 is restricted by eq. (7).
c We set the mean duration of the long recession equal to 10 years and so the hazard rate λ−1

3 = 0.100.
d We posit that the long recessions occur on average once a century and so the invariant probability
π3 = 0.100.
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Table 4: Cash-Flow Model : Implied T-Period Forecasts a

Forecast T-Period Forecast me
t,T |i

Horizon Consumption Growth Rate Dividend Growth Rate

T Expansion Recession Lost Decade Expansion Recession Lost Decade

Quarter 2.58 -0.42 -0.74 4.07 -5.19 -6.20

Year 2.44 0.37 -0.63 3.63 -2.76 -5.83

Decade 2.09 1.79 0.29 2.54 1.64 -3.00

a The optimal T-period-ahead forecast from eq. (29) is conditional on the hidden
state mu

t,T |i = E
{
gut,T | st = i

}
.
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Figure 3: Time Series of Beliefs
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Table 5: Consumption and Dividend Moments a

Annualized Variance Ratios

Moments One Two Three Four Five

Mean S.D. AC1 Year Years Years Years Years

Sample

Panel A: 1952:I–2011:IV

Consumption Growth 1.89 1.26 0.01 1.00 1.42 1.68 1.06 1.64

(0.10) (0.12) (0.00) (0.17) (0.28) (0.40) (0.44)

Dividend Growth 2.06 10.38 0.01 1.00 1.33 0.94 1.10 1.25

(0.36) (0.72) (0.01) (0.13) (0.31) (0.34) (0.38)

Population

Panel B: With Lost Decades

Consumption Growth 1.87 1.29 0.00 1.00 1.40 1.72 1.98 2.21

Dividend Growth 1.95 10.38 0.00 1.00 1.09 1.16 1.22 1.27

a The reported entries for the mean, standard deviation and the first-order autocorrelation
are quarterly moments annualized by multiplying by 4, 2 and taking to power of 4,
respectively. The population moments are obtained from a Monte Carlo simulation of
the length 4 million quarters and then time-aggregated from the infinitesimal quantities
to their quarterly counterparts using the parameter estimates from Table 3. Annual
variance ratios are computed in the same way as in Cecchetti et al. (1990, 2000).
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Table 6: Asset Pricing Moments : Two-State Markov Chain versus Two-State Semi-Markov Chain a

Panel A. Simulated Beliefs (4 million quarters of artificial data) Panel B. Historical Beliefs (239 quarters from 1952:II–2011:IV)

2-State Markov Model 2-State Semi-Markov Model 2-State Markov Model 2-State Semi-Markov Model

Mean S.D. AC1 Mean S.D. AC1 Mean S.D. AC1 Mean S.D. AC1

Levered Equity

Risk Premium 0.95 0.44 0.27 6.29 4.11 0.35 0.90 0.44 0.26 5.58 3.52 0.23

Volatility 11.65 0.57 0.29 15.78 3.59 0.47 11.59 0.58 0.28 14.99 2.99 0.40

Sharpe Ratio 0.08 0.03 0.27 0.37 0.15 0.29 0.08 0.03 0.26 0.35 0.14 0.11

Price-Dividend Ratio 111.81 0.02 0.33 22.48 12.20 0.75 111.88 0.02 0.35 23.26 8.08 0.43

Indexed Bond Prices

Short-Term Yield 2.51 0.40 0.33 1.78 0.90 0.54 2.52 0.44 0.35 2.03 0.79 0.45

Long-Term Yield 2.39 0.02 0.33 0.80 0.10 0.58 2.39 0.02 0.35 0.83 0.08 0.45

30-Year Term Premium -0.13 0.63 -0.07 -1.08 2.34 0.01 -0.13 0.72 -0.03 -1.30 2.46 -0.09

a The reported entries are the asset-pricing moments obtained as follows. First, we solve eq. (70) for the price-consumption ratio Φu(π1, π2).
Second, we solve eq. (71) for the price-dividend ratio Φl(π1, π2). Third, we solve for the whole term structure of the zero-coupon real bond
prices P b(π1, π2, 0;T ) by solving eq. (81) for T up to 30 years. Fourth, we solve eq. (106) and eq. (107) for the first two moments of the time-

aggregated annual levered equity return M l
i (π1, π2, 0;T ). We then calculate the (gross) bond yields as Y (T )(π1, π2) =

(
1 / P b(π1, π2, 0;T )

)1/T
,

the stock risk premium as M l
1(π1, π2, 0; 1) − Y (1)(π1, π2, 0; 1), the stock volatility as M l

2(π1, π2, 0; 1) −
(
M l

1(π1, π2, 0; 1)
)2
, the short-term

yield as Y (1)(π1, π2) and the long-term yield as Y (30)(π1, π2), and the annual holding period return on T-period zero-coupon real bond
as HPR(T )(π1, π2) =

(
P b(π1, π2, 0;T − 1) / P b(π1, π2, 0;T )

)
. These conditional moments being dependent on the beliefs (π1, π2) are then

conditioned down to their unconditional counterparts with Monte Carlo integration by simulating a sample path of the beliefs from eq. (55)
of the length 1 million years. The cash-flow parameter estimates are from Table 3 and the preference parameter values are set to γ = 10.0,
ψ = 1.50 and δ = 0.015.
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Table 7: Business-Cycle Variation in Consumption and Levered Equity Prices a

Business-Cycle Recession Business-Cycle Expansion

Starting in n-th quarter after the regime shift Starting in n-th quarter after regime shift

Conditional Moment and ending one year later Mean and ending one year later Mean

n=1 n=2 n=3 n=4 n=5 n=1 n=2 n=3 n=4 n=5

Consumption Growth

Mean 1.94 1.43 0.93 0.65 0.51 1.04 1.34 1.84 2.01 2.06 2.07 2.08

Volatility 1.47 1.72 1.78 1.79 1.79 1.74 3.89 3.38 3.11 3.03 2.99 1.36

Levered Equity

Data b

Mean Return 7.53 14.13 11.45 12.96 10.49 11.31 7.45 2.77 1.89 5.59 8.67 5.28

(5.27) (5.20) (5.38) (4.66) (4.70) (2.20) (5.05) (5.30) (4.92) (4.36) (4.59) (1.87)

Sharpe Ratio 0.43 0.78 0.62 0.82 0.67 0.66 0.51 0.19 0.14 0.42 0.67 0.38

(0.31) (0.31) (0.31) (0.31) (0.31) (0.14) (0.30) (0.32) (0.29) (0.29) (0.30) (0.14)

2-State Semi-Markov Model

Mean Risk Premium 6.86 9.01 10.15 10.94 11.54 8.88 10.96 10.55 8.98 7.53 6.50 5.52

Conditional Volatility 15.87 18.11 19.54 20.52 21.24 19.43 19.89 18.45 16.92 15.84 15.16 14.71

Sharpe Ratio 0.41 0.49 0.51 0.53 0.54 0.43 0.53 0.53 0.49 0.43 0.39 0.35

Price-Dividend Ratio 22.88 21.60 20.69 20.06 19.61 19.11 20.42 21.51 22.35 22.92 23.27 23.47

a The asset-pricing moments are constructed analogously to Table 6. We let n denote the number of quarters since the beginning of each
epoch (i.e., the high-growth one s̃ ∈ {s̃1} and the low-growth one s̃ ∈ {s̃2, s̃3}). The reported entries in the table are the means of the
asset-pricing moments conditional jointly on the epoch type {{s̃1}, {s̃2, s̃3}} and n ∈ {1, 2, 3, 4, 5}.

b Source: Panel II in Table 2 in Lustig & Verdelhan (2013).
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Table 8: Business-Cycle Variation in Real Bond Prices a

Business-Cycle Recession Business-Cycle Expansion

Starting in n-th quarter after the Starting in n-th quarter after

regime shift and ending a year later Mean regime shift and ending a year later Mean

Asset n=1 n=2 n=3 n=4 n=5 n=1 n=2 n=3 n=4 n=5

Yield-to-Maturity

1-year 1.78 1.20 0.86 0.64 0.50 0.71 0.81 1.13 1.48 1.76 1.94 2.09

3-year 1.49 1.08 0.81 0.64 0.52 0.71 0.82 1.09 1.33 1.51 1.63 1.71

5-year 1.30 0.98 0.78 0.65 0.57 0.71 0.80 1.01 1.19 1.32 1.40 1.46

10-year 1.06 0.88 0.76 0.68 0.64 0.71 0.77 0.89 1.00 1.07 1.12 1.15

30-year 0.88 0.78 0.72 0.68 0.66 0.69 0.73 0.79 0.85 0.89 0.91 0.93

Risk Premium

3-year 0.62 0.17 -0.11 -0.26 -0.33 0.00 -1.63 -1.33 -1.07 -0.90 -0.79 -0.71

5-year 0.94 0.26 -0.18 -0.40 -0.51 -0.02 -2.41 -1.95 -1.56 -1.30 -1.14 -1.04

10-year 1.16 0.31 -0.23 -0.51 -0.65 -0.05 -3.01 -2.42 -1.94 -1.61 -1.40 -1.27

30-year 1.23 0.32 -0.25 -0.56 -0.71 -0.07 -3.27 -2.63 -2.10 -1.74 -1.51 -1.36

a The asset-pricing moments are constructed analogously to Table 6. We let n denote the number of quarters since the beginning of each epoch
(i.e., the high-growth one s̃ ∈ {s̃1} and the low-growth one s̃ ∈ {s̃2, s̃3}). The reported entries in the table are the means of the asset-pricing
moments conditional jointly on the epoch type {{s̃1}, {s̃2, s̃3}} and n ∈ {1, 2, 3, 4, 5}.

62



Table 9: Asset-Pricing Moments : Sensitivity Analysis a

Transition Intensity of the Lost Decade, Duration of the Lost Decade in Years

Asset-Pricing λ3 = 0.12, 8.33 years λ3 = 0.1, 10 years λ3 = 0.08, 12.5 years

Moments Mean S.D. AC1 Mean S.D. AC1 Mean S.D. AC1

T
ra
n
si
ti
o
n
In
te
n
si
ty

o
f
th
e
R
ec
es
si
o
n
,
D
u
ra
ti
o
n
o
f
th
e
R
ec
es
si
o
n
in

Y
ea
rs

π = (0.83, 0.08, 0.09) π = (0.81, 0.08, 0.10) π = (0.79, 0.08, 0.13)

λ
2
=

1
.5
,
0
.6
7
y
ea
rs

Equity Premium 6.92 5.18 0.29 7.12 5.18 0.28 7.22 5.19 0.28

Equity Volatility 15.84 4.01 0.41 15.76 3.78 0.38 15.62 3.58 0.35

Equity Sharpe Ratio 0.40 0.19 0.21 0.42 0.20 0.22 0.43 0.21 0.26

Price-Dividend Ratio 24.09 12.51 0.72 22.82 12.79 0.74 21.74 13.12 0.77

One-Year Bond Yield 1.84 0.94 0.44 1.73 0.96 0.42 1.61 0.98 0.40

30-Year Bond Yield 0.82 0.11 0.53 0.79 0.09 0.50 0.78 0.08 0.46

30-Year Term Premium -1.16 2.73 0.00 -1.04 2.46 0.01 -0.90 2.20 0.02

π = (0.80, 0.12, 0.08) π = (0.78, 0.12, 0.10) π = (0.76, 0.12, 0.12)

λ
2
=

1
.0
,
1
y
ea
r

Equity Premium 6.53 4.46 0.35 6.75 4.47 0.32 6.90 4.51 0.31

Equity Volatility 16.14 3.98 0.48 16.06 3.77 0.45 15.94 3.57 0.42

Equity Sharpe Ratio 0.37 0.16 0.25 0.39 0.17 0.24 0.40 0.18 0.26

Price-Dividend Ratio 23.97 12.47 0.72 22.69 12.62 0.74 21.62 12.77 0.75

One-Year Bond Yield 1.84 0.90 0.51 1.74 0.92 0.50 1.64 0.93 0.48

30-Year Bond Yield 0.84 0.12 0.58 0.81 0.10 0.55 0.79 0.09 0.51

30-Year Term Premium -1.15 2.84 0.00 -1.04 2.57 0.00 -0.91 2.31 0.02

π = (0.71, 0.22, 0.08) π = (0.69, 0.22, 0.09) π = (0.68, 0.21, 0.11)

λ
2
=

0
.5
,
2
.0

y
ea
rs

Equity Premium 5.38 2.87 0.30 5.70 3.02 0.25 5.93 3.17 0.22

Equity Volatility 16.03 3.17 0.54 16.10 3.10 0.49 16.07 3.00 0.45

Equity Sharpe Ratio 0.32 0.11 0.17 0.34 0.12 0.15 0.35 0.13 0.16

Price-Dividend Ratio 23.72 11.53 0.73 22.31 11.91 0.75 21.17 12.22 0.76

One-Year Bond Yield 1.81 0.82 0.59 1.71 0.84 0.59 1.61 0.85 0.58

30-Year Bond Yield 0.94 0.13 0.69 0.87 0.12 0.67 0.83 0.10 0.64

30-Year Term Premium -1.03 2.82 -0.03 -0.97 2.62 -0.02 -0.87 2.38 -0.01

a The reported entries are constructed by following the steps as in Table 6. In each case, we modify the
calibration in Table 3 by varying the durations of the short recession λ2 ∈ {0.5, 1.0, 1.5} and the long
recession λ3 ∈ {0.08, 0.10, 0.12}. The stationary probability π is specific to each case.
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Figure 4: Implied Volatility Curves on Three-Month Levered-Equity Call Option
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is the strike price and P l is the price of the levered equity (the underlying asset).
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NOT FOR PUBLICATION

ONLINE TECHNICAL APPENDIX

A. Data

A.1. U.S. Postwar Sample

We measure nominal consumption as the sum of nominal personal consumption expendi-

tures on nondurable goods (PCND) plus services (PCESV). The data are U.S. quarterly

from 1952:I to 2011:IV and are available from the Federal Reserve Economic Data at the

Federal Reserve Bank of St. Louis. We start by converting the nominal consumption

series to real per-capita basis and divide by the population (POP) and deflate by the end-

of-quarter consumer price index (CPIAUCSL). We then construct the asset return and

dividend series from 1952:I to 2011:IV. We measure the return on the market portfolio

as the value-weighted return, and the dividend as the sum of total dividends, on all the

NYSE and the AMEX common stocks. 31 The data are monthly from 1952.1 to 2011.12

and are available from the Center for Research in Security Prices (CRSP) at the Uni-

versity of Chicago. We start by constructing the monthly stock market valuation series

as the month-end value of the nominal capitalizations of the NYSE and the AMEX. We

compute the monthly dividend series on the NYSE and AMEX as the difference between

the nominal value weighted total return and the value-weighted capital gain. We apply

this dividend yield to the preceding month’s market capitalization to obtain an implied

monthly nominal dividend series. We remove the large seasonal component in monthly

nominal dividend series by using the X-12-ARIMA Seasonal Adjustment Program, avail-

able from the U.S. Census Bureau. We compute the quarterly real geometric return and

dividend growth rate series as the monthly nominal continuously-compounded return and

31We start with almost 12,000 companies. We drop companies with non-positive price (PRC), those

that are not actively traded (code A), those that do not trade on NYSE or AMEX (codes 1 and 2) and

those with missing and erroneous data. We process the data in MySQL.
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dividend on the NYSE and AMEX, cumulated over the quarter to form nominal quarterly

series and deflated by the consumer price index (CPIAUCSL). The real dividend series

is, in addition, converted to a real per-capita basis by dividing by the population (POP).

The real interest rate is the one-month nominal Treasury bill log yield that is aggregated

to quarterly values and deflated by the consumer price index (CPIAUCSL).

A.2. International Barro-Ursua Sample

We use the long-term annual data for real per-capita consumer expenditures C for 42

countries of Barro & Ursua (2012). The data goes back at least to 1911, and as far back as

1790 for the United States, and it is available online at http://rbarro.com/data-sets.We

start with the annual consumption Cit for each country i = 1, . . . , 42 separately. We

calculate the annual geometric growth rates git+1 = logCit+1 − logCit and then cumulate

to T-year geometric consumption growth rates gi,t,T =
∑T

i=1 git+i for T = 1, . . . , 30. The

series are necessarily overlapped because we use T-year moving window. We then pool the

countries’ growth rates gi,t,T for a given T across the countries in the sample into one series

gt,T . We define the relative frequency of the lost decades as # {gt,T=10 < 0} /# {gt,T=10}.

B. Filtering Problem

Proposition 1 (Filtering Equations). Define the matrix λ = (λij)3×3 of the transition

intensities λij from the state s̃i ∈ S̃ to the state s̃j ∈ S̃ as in (6). In addition, stack the

instantaneous growth rates µe =
(
µe, µe, µe

)′
for e ∈ E and denote the diagonal volatility

matrix Σ = diag
{
σu, σl

}
. Then,

i. the discrete posterior distribution π = (π1, π2, π3)
′ follows the stochastic differential

equation

dπi = ηi (π) dt+
∑

e∈E

νei (π) dz̃
e (55)

subject to the prior belief π0. In addition, the mean dividend growth rates in the
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investor’s filtration me for each e ∈ E are given by

me = π′ · µe = µeπ1 + µe (1− π1) ,

the drift vector is given by

η = π′ · λ,

and the volatility with respect to the shock dz̃e are given each e ∈ E by

νe1 (π) = π1 (1− π1)

(
µe − µe

σe

)

and

νei (π) = −π1πi

(
µe − µe

σe

)
for i = 2, 3

ii. the innovation process z̃ =
(
z̃u, z̃l

)′
given by the formula

dz̃et =
1

σe
(dget − Et {dg

e
t }) for e ∈ E

is a standard bivariate Brownian motion,

iii. the state of perfect confidence πi,t ∈ {0, 1} is non-attainable almost surely for any

i = 1, 2, 3 and date t > 0,

iv. the dynamics of the cash-flows in the investor’s filtration is

dge = me (π) dt+
∑

e∈E

σedz̃e for e ∈ E. (56)

Proof.

i.–ii. See Wonham (1964) and Liptser & Shiryaev (1977, Theorem 9.1).
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iii. This follows from Friedman (2006a,b) by verifying that the vector stochastic differ-

ential equation possesses zero normal diffusion and the Fichera vector field points

toward the domain interior at the boundary.

iv. This follows from the definition of the innovation process z̃.

C. State-Price Density

Proof of Proposition 2.1.

i. The first-order condition with respect to the consumption rate c yields the standard

condition that the marginal utility of consumption equals the marginal utility of

wealth, ∂U/∂c = ∂J/∂W . After substituting for the conjecture of the value function

in (37) and straightforward re-arrangement, we verify that the function Φu (π1, π2)

equals the equilibrium wealth-consumption ratio W/c. Note that the investor’s

wealthW in equilibrium equals the price of the Lucas tree P u and hence the wealth-

consumption ratio also equals the price-dividend ratio of the underlying Lucas tree

(also called the unlevered equity).

Next, a direct application of Itô lemma to the log of the equilibrium state-price

density in (38) yields

d logM =

(
∂U

∂J

)
dt + d log

(
∂U

∂c

)
. (57)

A simple calculation of the partial derivatives from (2) in addition yields

∂U

∂c
(c, J) = δc−

1

ψ ((1− γ)J)1−
1

θ , (58)

∂U

∂J
(c, J) = −δ (1− θ) c1−

1

ψ ((1− γ) J)−
1

θ − θδ. (59)
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Applying Itô lemma to (58) then leads to

d log

(
∂U

∂c

)
= d log

{
δc−

1

ψ ((1− γ)J) 1− 1

θ

}

=

(
−
1

ψ

)
d log c+

(
1−

1

θ

)
d log ((1− γ)J) . (60)

Another application of Itô lemma to the log of our conjecture for the continuation

value function log ((1− γ) J) in (37) gives

d log ((1− γ) J) =

(
θ

ψ

)
d logΦu + (1− γ) d logW. (61)

Log-differentiating by means of Itô lemma the equilibrium relation Φu = W/c and

imposing market-clearing conditions c = Du and W = P u yields

d logW = d log Φu + d logDu. (62)

After combining the equations (61) and (62), we obtain

d log ((1− γ) J) =

(
θ

ψ

)
d logΦu + (1− γ) (d logΦu + d logDu)

= θ d log Φu + (1− γ) d logDu. (63)

Hence,

d log

(
∂U

∂c

)
= −γ d logDu − (1− θ) d log Φu, (64)

and in view of (57) we obtain the dynamics of the log of the state price density as

d logM =

(
∂U

∂J

)
dt− γ d logDu − (1− θ) d logΦu. (65)
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Furthermore, Itô lemma applied to the log wealth-consumption ratio logΦu yields

d logΦu =
dΦu

Φu
−

1

2

d [Φu]

(Φu)2
. (66)

Furthermore, another application of Itô lemma to the process Φu = Φu (π1, π2) leads

to

dΦu =
2∑

i=1

∂Φu

∂πi
dπi +

1

2

(
2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Φu

∂πi∂πj

)
dt

=

(
2∑

i=1

ηi
∂Φu

∂πi
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Φu

∂πi∂πj

)
dt+

2∑

i=1

∑

e∈E

νei
∂Φu

∂πi
dz̃e.(67)

Hence, the increment in the quadratic variation is

d [Φu] =

(
2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂Φu

∂πi

∂Φu

∂πj

)
dt. (68)

Substituting from (67) and (68) into (66) yields the law of motion for d logΦu. Upon

further substitution of this result into (65) we obtain after tedious algebra not only

the stated law of motion for the state-price density but also the formula for the

instantaneous riskless interest rate

r = δ +

(
1

ψ

)
mu −

1

2

(
1− (1− γ)

(
1 +

1

ψ

))∑

e∈E

(σu,e)2

− (1− θ)
2∑

i=1

∑

e∈E

νei σ
u,e 1

Φu
∂Φu

∂πi

−
1

2
(1− θ)

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

(
1

Φu

)2
∂Φu

∂πi

∂Φu

∂πj
, (69)
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D. Pricing Equations

The price-dividend ratios Φa : {(π1, π2) : π1 > 0, π2 > 0 and π1 + π2 < 1} → R for a ∈

{u, l} solve nonlinear and linear Fichera boundary value problems as shown in the following

Proposition.

Proposition 2 (Equity). The following statements hold.

i. The unlevered price-dividend ratio Φu = Φu (π1, π2) solves the Fichera boundary

value problem

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Φu

∂πi∂πj
−

1

2
(1− θ)

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

1

Φu
∂Φu

∂πi

∂Φu

∂πj

+
2∑

i=1

(
ηi + (1− γ)

∑

e∈E

σu,eνei

)
∂Φu

∂πi
+

(
−δ +

(
1−

1

ψ

)
mu +

1

2
(1− γ)

(
1−

1

ψ

)∑

e∈E

(σu,e)2
)
Φu + 1 = 0, (70)

where the properties of the Fichera drift for this Fichera boundary value problem

imply that no boundary conditions are necessary for well-posedness.

ii. The levered price-dividend function Φl = Φl (π1, π2) solves the Fichera boundary

value problem

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Φl

∂πi∂πj
+

2∑

i=1

(
ηi +

∑

e∈E

σl,eνei −
∑

e∈E

Λeνei

)
∂Φl

∂πi

+

(
ml +

1

2

∑

e∈E

(
σl,e
)2

−
∑

e∈E

σl,eΛe − r

)
Φl + 1 = 0, (71)

where the properties of the Fichera drift for this differential boundary value problem

again imply no need to specify boundary conditions for well-posedness.

Proof.
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i–ii. Let a ∈ {u, l} any. Then, cross-multiply the definition32 Φa = P a/Da by the

unlevered dividend rate Da and applying Itô lemma to obtain

dP a

P a
=

dDa

Da
+

dΦa

Φa
+

d [Φa, Da]

ΦaDa
. (72)

Further application of Itô lemma to (10) yields

dDa

Da
=

(
ma +

1

2

∑

e∈E

(σa,e)2
)
dt+

∑

e∈E

σa,edz̃e. (73)

An application of Itô lemma to Φa = Φa (π1, π2) leads to

dΦa =

(
2∑

i=1

ηi
∂Φa

∂πi
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Φa

∂πi∂πj

)
dt

+
2∑

i=1

∑

e∈E

νei
∂Φa

∂πi
dz̃e, (74)

and as a result, the increment in the quadratic covariation [Φa, Da] is given by

d [Φa, Da] = Da

(
2∑

i=1

∑

e∈E

σa,eνei
∂Φa

∂πi

)
dt. (75)

The equations (35), (72), (73) and (74) jointly imply the following. First, the

equilibrium conditional volatility vector

ϑa (π1, π2) =
(
ϑa,u (π1, π2) , ϑ

a,l (π1, π2)
)

(76)

of the underlying Lucas tree is given component-wise for each e ∈ E as follows

ϑa,e = σa,e +

(
1

Φa

) 2∑

i=1

νei

(
∂Φa

∂πi

)
. (77)

32Recall that in equilibrium W = Pu and c = Du for a = u.

72



Second, the expected return on the long-lived asset

E

(
dP a +Dadt

P a

∣∣∣∣ π1, π2
)

= ζa (π1, π2) dt (78)

equals

1

Φa
+ma +

1

2

∑

e∈E

(σa,e)2 +

(
1

Φa

) 2∑

i=1

(
ηi +

∑

e∈E

σa,eνei

)(
∂Φa

∂πi

)
+

1

2

(
1

Φa

) 2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Φa

∂πi∂πj
. (79)

Furthermore, the first-order condition with respect to the portfolio weight ωa leads

to the Euler equation

ζa (π1, π2)− r (π1, π2) =
∑

e∈E

Λe (π1, π2)ϑ
a,e, (80)

where the functions Λu and Λl are the equilibrium risk-price function with respect

to the innovation processes dz̃u and dz̃l, respectively. When we combine equations

(77), (79), (80) we obtain after tedious algebra the Fichera boundary value problem

for Φa (π1, π2) for each a ∈ {u, l}. Finally, no need for boundary conditions stems

from Ma & Yu (1989) for a = u and Friedman (2006a,b) for a = l.

We solve the differential problems in (70) and (71) numerically by carefully apply-

ing finite-difference methods. We approximate the first-order and second-order partial

derivatives by means of central finite differences in the interior of the simplex domain

with ∆π = 200−1, leaving us with M = 1
2
(200 + 1) (200 + 2) = 20, 301 points in two-

dimensional grid. As the underlying diffusion for the state variables π = (π1, π2, π3)
′

never hits the boundary of the simplex domain, the problems do not require specification

of the boundary conditions (Ma & Yu, 1989 and Friedman, 2006a,b). The resulting sparse

linear systems is solved using the LU decomposition whereas the nonlinear system for the
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price-consumption ratio is solved iteratively using as the initial guess the closed-form so-

lution from the nested model of David & Veronesi (2013) who use the power utility (i.e.,

γ = ψ−1). At each step, we use the direct solver library SuperLU.

The T -maturity real bond price P a : {(π1, π2) : π1 > 0, π2 > 0 and π1 + π2 < 1} ×

(0, T ) → R for a ∈ {b} solves the linear Fichera boundary value problems as shown

in the following Proposition.

Proposition 3 (Real Zero-Coupon Bonds). The zero-coupon bond price P b = P b (π1, π2, t;T )

with the maturity date T solves the Fichera boundary value problem

∂P b

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2P b

∂πi∂πj
+

2∑

i=1

(
ηi −

∑

e∈E

Λeνei

)
∂P b

∂πi
− rP b = 0 (81)

subject to the final condition P b (π, T ;T ) = 1 where r = r (π1, π2) is the instantaneous

riskless interest rate from (69). Furthermore, the properties of the Fichera drift for this

Fichera boundary value problem imply that no boundary conditions are necessary for well-

posedness.

Proof.

i. Applying Itô lemma to the date-t equilibrium price P b = P b (π1, π2, t;T ) of an

indexed zero-coupon bond maturing at a future date T yields

dP b =

(
∂P b

∂t
+

2∑

i=1

ηi
∂P b

∂πi
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2P b

∂πi∂πj

)
dt

+

2∑

i=1

∑

e∈E

νei
∂P b

∂πi
dz̃e. (82)

Hence, the equilibrium bond return volatility

ϑb (π1, π2, t;T ) =
(
ϑb,u (π1, π2, t;T ) , ϑ

b,l (π1, π2, t;T )
)

(83)
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is given componentwise for each e ∈ E as follows

ϑb,e =

(
1

P b

) 2∑

i=1

νei

(
∂P b

∂πi

)
. (84)

In addition, the equilibrium expected return on the indexed zero-coupon bond with

maturity T

E

(
dP b

P b

∣∣∣∣ π1, π2, t;T
)

= ζb (π1, π2, t;T ) dt (85)

satisfies

ηb =
1

P b

(
∂P b

∂t
+

2∑

i=1

ηi
∂P b

∂πi
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2P b

∂πi∂πj

)
. (86)

The first-order condition with respect to the portfolio weight ωb yields the dynamic

Euler equation

ζb (π1, π2, t;T )− r (π1, π2) =
∑

e∈E

Λe (π1, π2)ϑ
b,e (π1, π2, t;T ) , (87)

which must hold for any feasible beliefs and date (π1, π2, t) and the given T > 0.

Combining these equations leads to the stated Fichera boundary value problem.

ii. No need for boundary conditions follows from Friedman (2006a,b).

We solve the differential problem in (81) numerically by carefully applying Crank-

Nicholson scheme with the time step ∆t = 0.0025. We approximate the first-order and

second-order partial derivatives by means of central finite differences in the interior of the

simplex domain with ∆π = 200−1, leaving us with M = 1
2
(200 + 1) (200 + 2) = 20, 301

points in two-dimensional grid. As before, the underlying diffusion for the state variables

π = (π1, π2, π3)
′ never hits the boundary of the simplex domain and thus the problem

does not require specification of the boundary conditions (Ma & Yu, 1989 and Friedman,

2006a,b). We use the direct solver library SuperLU at each time step.
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The T -maturity European call option P c : {(π1, π2) : π1 > 0, π2 > 0 and π1 + π2 < 1}×

R×(0, T ) → R solves the linear Fichera boundary value problems as shown in the following

Proposition.

Proposition 4 (Plain-Vanilla European Call). The price of the European plain-vanilla

call price P c
(
π1, π2, ln

(
P l

P
l

)
, t;T

)
with the maturity T and the strike price P

l
is given by

P c = P
l
· c (π1, π2, x, t;T ) (88)

for x = log
(
P l/P

l
)
where the function c (π1, π2, x, t;T ) solves the Fichera partial differ-

ential equation

∂c

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2c

∂πi∂πj
+

2∑

i=1

∑

e∈E

νei ϑ
l,e ∂2c

∂πi∂x
+

1

2

∥∥ϑl
∥∥2 ∂

2c

∂x2
+

+

2∑

i=1

(
ηi −

∑

e∈E

Λeνei

)
∂c

∂πi
+

(
r −

1

Φl
−

1

2

∥∥ϑl
∥∥2
)
∂c

∂x
− r c = 0 (89)

subject to the final condition

c (π1, π2, x, T ;T ) = max {ex − 1, 0} , (90)

and boundary conditions

lim
x→−∞

c (π1, π2, x, t;T ) = 0, (91)

lim
x→∞

c (π1, π2, x, t;T ) = exp (x) v (π1, π2, t;T )− P b (π1, π2, t;T ) , (92)

where
∥∥ϑl
∥∥2 =∑e∈E

(
ϑl,e
)2

and where the function v = v (π1, π2x, t;T ) solves the Fichera

partial differential equation

∂v

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2v

∂πi∂πj
+

2∑

i=1


ηi +

∑

e∈{u,l}

(
ϑl,e − Λe

)
νei


 ∂v

∂πi
−

(
1

Φl

)
v = 0,

76



subject to the final condition that v (π1, π2, T ;T ) = 1. The properties of the Fichera drift

for these Fichera boundary value problems imply that no further boundary conditions are

necessary for well-posedness.

Proof. Denote the expiry date of the call option contract T . The final payoff as of the

date T equals

P c
(
π1, π2, P

l, t;T
)

= max
{
P l − P

l
, 0
}
, (93)

where K is the strike price and P l is the price of the underlying asset, in our case the

levered equity. No-arbitrage condition says that the value of such payoff discounted using

the state-price density Mt must be a martingale

MtP
c
t = Et {MTP

c
T} . (94)

and therefore we obtain the following relationship

P c
(
π1, π2, P

l, t;T
)

= E

{
MT

Mt

P c
T

∣∣∣∣ π1, π2, P
l

}
. (95)

With hindsight, it is convenient to make the following change-of-variables transformation

x = ln
(
P l

P
l

)
and express the equilibrium option price as

P c
(
π1, π2, P

l, t;T
)

= P
l
· c

(
π1, π2, log

(
P l

P
l

)
, t;T

)
, (96)

where the final condition after such transformation takes the form

c (π1, π2, x, T ;T ) = max {ex − 1, 0} . (97)

Applying Itô lemma to the date-t equilibrium option price c = c (π1, π2, x, t;T ) that
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matures at a future date T yields

dc =

(
∂c

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2c

∂πi∂πj
+

2∑

i=1

∑

e∈E

νei ϑ
l,e ∂2c

∂πi∂x
+

1

2

∥∥ϑl
∥∥2 ∂

2c

∂x2
+

+
2∑

i=1

ηi
∂c

∂πi
+

(
ζ l −

1

Φl
−

1

2

∥∥ϑl
∥∥2
)
∂c

∂x

)
dt +

∑

e∈E

(
ϑl,e

∂c

∂x
+

2∑

i=1

νei
∂c

∂πi

)
dz̃et .(98)

Hence, the equilibrium option return volatility ϑc,e for e ∈ E is given by the formulas

ϑc,e = ϑl,e
1

c

∂c

∂x
+

1

c

2∑

i=1

νei
∂c

∂πi
. (99)

In addition, the equilibrium expected option risk premium

Et

{
dc

c
− r dt

}
= ζc (π1, π2, x, t;T ) dt (100)

satisfies

ζc =
1

c

(
∂c

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2c

∂πi∂πj
+

2∑

i=1

∑

e∈E

νei ϑ
l,e ∂2c

∂πi∂x
+

1

2

∥∥ϑl
∥∥2 ∂

2c

∂x2
+

+

2∑

i=1

ηi
∂c

∂πi
+

(
ζ l −

1

Φl
−

1

2

∥∥ϑl
∥∥2
)
∂c

∂x

)
(101)

The first-order condition with respect to the portfolio weight ωc yields the dynamic Euler

equation

ζc (π1, π2, x, t)− r (π1, π2) =
∑

e∈E

Λe (π1, π2)ϑ
c,e (π1, π2, x, t;T ) , (102)

which must hold for any feasible belief, transformed underlying price and date (π1, π2, x, t).

Combining these equations to the stated partial differential equation.

The PDE does not require boundary conditions for well-posedness when the poste-

rior probabilities are close to the boundary of the simplex. However, we must stipulate

boundary conditions with respect to the spot price. We do that as follows. First, the plain-

vanilla European call option becomes worthless as the spot price P l becomes negligible.
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In our transformed coordinates, we thus impose

lim
x→−∞

c (π1, π2, x, t;T ) = 0. (103)

Second, when the spot price is very large it will be exercised with probability approaching

one. The final payoff received is thus

P c
T ∼ P l

T − P
l
, (104)

The price of the first part of the payoff (i.e., P l
T ) in terms of the spot price expressed as

the number of shares Vt needed thus satisfy

MtVtP
l
t = Et

{
MTP

l
TVT

}
, subject to VT = 1. (105)

In other words, the process MtVtP
l
t is a martingale and a simple application of Feynman-

Kač Theorem says that there exists a function v such that Vt = v (π1,t, π2,t, t;T ) and it

satisfies the stated problem. The price of the second part of the payoff (i.e., P
l
) equals

the corresponding present value given by the zero-coupon bond price P b (π1, π2, t;T ) times

P
l
. We thus obtain the stated boundary conditions. The result that no further boundary

conditions are needed follows from Friedman (2006a,b) and Ma & Yu (1989) as the results

in Duffie & Lions (1992) are not applicable.

We solve the differential problem in (81) numerically by carefully applying Crank-

Nicholson scheme with the time step ∆t = 0.0025. We approximate the first-order and

second-order partial derivatives by means of central finite differences in the interior of the

simplex domain with ∆π = 100−1, leaving us with M = 1
2
(100 + 1) (100 + 2) = 5151

points in two-dimensional grid for the beliefs. We discretize the x-axis using ∆x =

200−1, xmin = −500 and xmax = 200, leaving us with M × 701 = 3, 610, 851 points

in a three-dimensional grid. As before, the underlying diffusion for the state variables

π = (π1, π2, π3)
′ never hits the boundary of the simplex domain and thus the problem
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does not require specification of the boundary conditions (Ma & Yu, 1989 and Friedman,

2006a,b). We use an iterative solver from the GPU library CULA at each time step. The

calculations are performed on the NVIDIA Tesla GPU C2070.

E. Time Aggregation

The T -period i-th moment Ma
i : {(π1, π2) : π1 > 0, π2 > 0 and π1 + π2 < 1} × (0, T ) → R

for a ∈ {b} solves the linear Fichera boundary value problems as shown in the following

Proposition.

Proposition 5 (Aggregated Pricing Moments). Let Ma
n = Ma

n (π1, π2, t;T ) denote the

n-th moment of the holding T -period return on the asset a ∈ A = {u, l, b}. Then,

i. the first moment Ma
1 = Ma

1 (π1, π2, t;T ) solves the backward Fichera partial differ-

ential equation

∂Ma
1

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Ma
1

∂πi∂πj
+

2∑

i=1

(
ηi +

∑

e∈E

νei ϑ
a,e

)
∂Ma

1

∂πi
+ ζaMa

1 = 0(106)

subject to the final conditionMa
1 (π1, π2, T ;T ) = 1 where the properties of the Fichera

drift for this differential boundary value problem imply no need to specify boundary

conditions for well-posedness.

ii. the second moment Ma
2 = Ma

2 (π1, π2, t;T ) solves the backward Fichera boundary

value problem

∂Ma
2

∂t
+

1

2

2∑

i=1

2∑

j=1

∑

e∈E

νei ν
e
j

∂2Ma
2

∂πi∂πj
+

2∑

i=1

(
ηi + 2

∑

e∈E

νei ϑ
a,e

)
∂Ma

2

∂πi
+

+

(
2ζa +

∑

e∈E

(ϑa,e)2
)
Ma

2 = 0 (107)

subject to the final conditionMa
2 (π1, π2, T ;T ) = 1 where the properties of the Fichera

drift for this differential boundary value problem again imply no need to specify

boundary conditions for well-posedness.
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Proof.

i. Consider a mutual fund that continuously reinvests the dividend flow (if any) back

into the underlying asset a ∈ A. Then, the total return on the mutual fund equals

just the capital gain,

dQt

Qt

=
dP a

t +Da
t dt

P a
t

. (108)

Given the law of motion for the asset price P a
t in (35) we then find that

dQt

Qt

= ζadt+
∑

e∈E

ϑa,edz̃e. (109)

We solve this stochastic differential equation explicitly and obtain Qt = exp {Yt}

where

Yt =

ˆ t

0

(
ζa −

1

2

∑

e∈E

(ϑa,e)2
)
dτ +

∑

e∈E

ˆ t

0

ϑa,edz̃e. (110)

The holding T-period return from the date t until the date t + T is QT/Qt =

exp {YT − Yt} . Its first moment Ma
1 satisfies

Ma
1 (π1,t, π2,t, t;T ) = E (exp {YT − Yt}|π1,t, π2,t, t) (111)

and hence we immediately find that Ma
1 (π1, π2, t;T ) exp {Yt} is a martingale. Mar-

tingales necessarily have zero drift

Et {d (M
a
1 exp {Y })} = 0

which after invoking the Itô lemma yields the stated differential equation.

ii. The second moment is found by noting that the square of the holding T-period

return from the date t until the date t+ T is (QT/Qt)
2 = exp {2 (YT − Yt)} . Then,

81



the second moment Ma
2,t satisfies

Ma
2 (π1,t, π2,t, t;T ) = E (exp {2 (YT − Yt)}| π1,t, π2,t, t) (112)

and hence we immediately obtain that Ma
2 (π1, π2, t;T ) exp {2Yt} is a martingale.

Again, using the fact that the martingales necessarily have zero drift leads the

stated differential equation.

iii. No need for boundary conditions stems from Friedman (2006a,b).

We solve the differential problem in (81) numerically by carefully applying Crank-

Nicholson scheme with the time step ∆t = 0.0025. We approximate the first-order and

second-order partial derivatives by means of central finite differences in the interior of the

simplex domain with ∆π = 200−1, leaving us with M = 1
2
(200 + 1) (200 + 2) = 20, 301

points in two-dimensional grid. As before, the underlying diffusion for the state variables

π = (π1, π2, π3)
′ never hits the boundary of the simplex domain and thus the problem

does not require specification of the boundary conditions (Ma & Yu, 1989 and Friedman,

2006a,b). We use the direct solver library SuperLU at each time step.

F. Real Yield Curves and Bond Risk Premiums

Proof of Proposition 2.2.

The dynamic Euler equation for the T-period real zero-coupon bond expressed in terms

of the continuously-compounded yield-to-maturity

exp
(
−y

(T )
t T

)
= Et

{
Mt+T

Mt

}
(113)
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implies that the yield satisfies

y
(T )
t = −

(
1

T

)
logEt {exp (logMt+T − logMt)} . (114)

Using the formula for the cumulant generating function for a Gaussian random variable

yields the following approximate relationship

y
(T )
t ≈ −

1

T

(
Et {logMt+T − logMt}+

1

2
vart {logMt+T − logMt}

)
. (115)

Then, we substitute for logMt from (39) and for xt from (40) and obtain

y
(T )
t = θδ + (1− θ) Et

{
1

T

ˆ t+T

t

(Φu (πτ ))
−1 dτ

}

+

(
1

T

)(
Et {xt+T − xt} −

1

2
vart {xt+T − xt}

)
. (116)

We approximate the integral as

Et

{
1

T

ˆ t+T

t

(Φu (πτ ))
−1 dτ

}
≈ (Φu (π))−1 (117)

and xt in (40) as

xt ≈ γ gut (118)

and obtain the desired result.

Proof of Proposition 2.3.
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We invoke the definition of the expected holding period excess return

Et

{
rbt+1,T − y

(1)
t

}
= Et

{
p
(T−1)
t+1 − p

(T )
t

}
− y

(1)
t (119)

as well as for y
(T )
t in (49) to obtain the following approximate relationship

Et

(
rbt+1,T − y

(1)
t

)
= −

1

2
(vart {(Et+1 − Et) gt,T} − vart {(Et+1 − Et) gt,1})

where we exploit the well-known decomposition

vart {y} = Et {vart+1 {y}}+ vart {Et+1 {y}} . (120)
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